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We investigate the ensemble averaged evolution of N-electron systems dynami-
cally coupled to a statistical environment. The electrons are characterized by
their spatial and by their spin properties. While the Hilbert space for single
electrons is given by the tensor product of the Hilbert spaces associated with
both properties, the corresponding Hilbert space for N-electron systems cannot
be factorized. Consequently, quantum correlations between spatial and spin
properties become extremely important. We assume that the evolution of the
spin properties is controlled by spin-orbit interaction and that the spatial prop-
erties take the part of a bath held near some equilibrium. This description is
appropriate for magnetic systems where the electronic states near the ground
state correspond to different spin configurations, whereas electronic states with
large excitation energies belong to different spatial-orbital configurations. In
order to determine the coarse grained evolution of the spin properties, we have
to know the evolution of the N-electron system over time intervals larger than
the bath-correlation time. This is obtained from the first- and second-order
contributions in the interaction picture. We show that, in spite of the strong
quantum correlations between spin properties and spatial properties, the coarse
grained statistical evolution of the electronic spin properties may be described
by a set of coupled master equations.
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1. INTRODUCTION

The description of the evolution of quantum systems interacting with a
statistical environment is a rather challenging theoretical problem. This is
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particularly true, if the system is formed by indistinguishable particles and
if only the evolution of certain selected degrees of freedom of the system is
of interest, whereas the remaining degrees of freedom constitute the statis-
tical environment. Such a situation is encountered, if one considers the
evolution of the electronic spins in an ensemble of electrons, where the
spatial degrees of freedom play the role of the statistical environment
or eventually of the bath. This kind of approach would be adequate to
describe the magnetic properties of a molecule or cluster, which are deter-
mined by the electronic spins. In these systems, the direct interaction
between the nuclei and the electronic spins is in general negligible, so that
the evolution of the electron spins is driven by spin-orbit coupling and by
external magnetic fields. We may thus relate the bath directly with the
spatial degrees of freedom. Dealing with such a problem, the principal dif-
ficulty to cope with is due to the presence of strong quantum correlations
between the considered degrees of freedom and the statistical environment.
This becomes most evident for the above example. In this case, the
quantum correlations between the electronic spins and the orbital degrees
of freedom are due to the fermionic character of the electrons. The pre-
sently considered situation is thus completely different from the conven-
tional quantum statistical approach to the evolution of fermionic systems,
where bath and evolving physical system correspond to subsystems of the
physical system, both being associated with different particles. In this case,
the states constituting the statistical ensemble may in a first approximation
be assumed to be quantically uncorrelated with the bath subsystem (see,
e.g., ref. 1). In the present article we will show that, in spite of the above-
mentioned problems, the coarse grained evolution of a sub-ensemble of
degrees of freedom in a fermionic system may still be described in terms of
master equations. For our convenience, we will in the following refer to the
chosen degrees of freedom as a subsystem, thus generalizing the usual
notion of this term.

Open quantum systems have been the object of intense theoretical
research since the early beginnings of quantum mechanics. The fundamen-
tal concept of density matrices allowing for a statistical description of
quantum systems was already introduced in the early thirties of the last
century.®® Different methods have been proposed to study the evolu-
tion of subsystems embedded in their environment. The path-integral
method,*® which has become popular during the last 15 years, offers a
practical scheme for the calculation of density matrices describing such
subsystems.”-® Considering the particular problem of nuclear-spin relaxa-
tion in a solid, Bloch, Wangsness, and Redfield have developed a pheno-
menological approach, in which the coarse grained evolution of the
reduced density matrix associated with the nuclear spin subsystem is
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governed by a master equation of Markovian type.®'” Based on the same
ideas, similar methods have been worked out later on to describe dissipa-
tion phenomena in quantum optics.">'® The coarse grained density matrix,
which is the central quantity in these approaches, satisfies the von Neumann
conditions of hermiticity and trace preservation, but not that of positivity.
Thus, strictly speaking, it is no longer a density matrix. It is important to
note that in spite of this it allows a correct description of the coarse grained
evolution of observables characterizing the considered subsystem. More
recently, it was shown that the evolution of the reduced density matrix
associated with a subsystem can be described in a way that the latter obeys
strictly all the von Neumann conditions at all times."*?® In the limit of
weak interaction and correspondingly long time scales, the evolution of the
density matrix describing the quantum mechanical subsystem becomes again
strictly Markovian leading to a quantum dynamical semigroup.>!7?» This
approach was generalized later on. In fact, a Markovian evolution of an
open quantum system weakly interacting with a bath subsystem is expected
on time scales for which memory effects can be neglected.®*?» The most
general form of a generator corresponding to a Markovian evolution of the
density matrix of the subsystem has been given by Lindblad.®® The results
presented in refs. 14-23 are very important, since they ensure that a
Markovian evolution of a finite subsystem is compatible with a quantum
statistical description of the full system. They offer a more profound jus-
tification of the physical hypotheses underlying the Bloch—Wangsness—
Redfield approach. Thus, for practical applications, both methods can be
considered to be equivalent.

Presently we will adopt the phenomenological approach of refs. 9-13,
which not only is physically more transparent, but it is also more adequate
to deal with our particular situation. In fact, internal and spatial degrees of
freedom of our fermionic system being associated with the same particles, it
is impossible to follow directly the approach of refs. 15, and 17-23, and to
perform the thermodynamic limit for the spatial degrees of freedom con-
stituting the bath subsystem without changing the subsystem associated
with the internal degrees of freedom at the same time. This does of course
not mean that a description of the evolution of the bathed subsystem in
terms of density matrices rather than coarse grained density matrices is
principally impossible.

The master equations for the evolution of the subsystem are obtained
under certain additional assumptions, which are physically equivalent to
the ones invoked in the standard approach. In particular, we have to
assume that the internal dynamics of the chosen subsystem is sufficiently
slow with respect to the memory time of the bath, which depends in par-
ticular on its coupling to the further environment. This requirement is
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usually satisfied for weakly excited magnetic systems, where the electronic
spin-relaxation times for temperatures of the order of the Curie tempera-
ture are by two to three orders of magnitude larger than the typical times
for electronic energy relaxation due to electron-phonon coupling. @29 We
thus expect that the here proposed approach is a good starting point for
the understanding of the relaxation dynamics of superparamagnetic clus-
ters®” and of individual single-domain ferromagnetic particles. ® >

The present work is divided into two main parts. In Section 2 we
develop the approach for arbitrary fermions. The specific case of
N-electron systems is discussed in Section 3. Our approach relies heavily on
the theory of representations of the permutation group Sy. For readers
who are not familiar with this subject we give a list of some recommend-
able books on this subject in refs. 30-37.

The general mathematical framework is established in Section 2.1,
where we introduce the Hilbert space that describes the spatial and the
internal properties of the N-fermion system, the partial Hamiltonians con-
nected with the spatial and the internal dynamical properties of the system,
and the interaction Hamiltonian. We start from the Hilbert space # that is
given by the tensor product of the N one-particle Hilbert spaces or, alter-
natively, by the tensor product of the Hilbert space associated with the
internal properties and the Hilbert space associated with the spatial prop-
erties of the N fermions. In both Hilbert spaces we introduce an ortho-
normal basis. The basis vectors are chosen to be simultaneously eigen-
vectors of the partial Hamiltonians acting in the respective Hilbert space.
Thus they transform according to the irreducible representations of the
permutation group S,. The physical states of a fermionic system are
described by the rays of the subspace of antisymmetric tensors in #. The
tensor products of the above basis vectors form an orthonormal basis
in . They are used to construct an orthonormal basis of the subspace of
antisymmetric tensors. The antisymmetry implies that the two basis vectors
involved in the tensor products, which are associated with the internal and
the spatial degrees of freedom, must transform according to dual irreduc-
ible representations of the permutation group Sy .

Our principal aim being to reveal the interplay between quantum cor-
relations and dynamical coupling, it is crucial to decompose the interaction
Hamiltonian in a way that allows us to follow its action in the Hilbert
spaces associated with the internal and the spatial properties. This is also
done in Section 2.1. The procedure is similar to the above construction of
the fermionic Hilbert space. In a first step, we introduce a basis in the
vector space of linear operators acting in the Hilbert space associated with
the internal properties. Similarly, we introduce a basis in the vector space
of linear operators acting in the Hilbert space associated with the spatial
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properties. The chosen basis vectors transform as irreducible tensor opera-
tors under the action of the permutation group Sy. In a second step, we use
these basis vectors to construct an operator basis acting in 5. The result-
ing basis is given by the tensor products of the basis operators obtained in
the first step, where the two operators act in different spaces. The interac-
tion Hamiltonian is then written as a linear combination of these basis
operators. It must be invariant under the action of the permutation group Sy.
This implies that the basis vectors correspond to tensor products, where
both operators transform according to the same irreducible representation
of the permutation group Sy .

In Section 2.2, we discuss the properties of the density matrix, which
gives access to the statistical properties of the ensemble. We further intro-
duce the relevant partial trace operations, which correspond to projections
of the density matrix describing the whole system onto the spatial or onto
the spin properties. These operations are discussed in detail in the following
Sections 2.3 and 2.4. In Section 2.3 we consider first the hypothetical
situation of statistically uncorrelated subsystems. The case of correlated
subsystems is discussed in Section 2.4.

In order to reveal the effects of the dynamical interaction, it is indi-
cated to adopt the interaction picture rather than the Schrodinger picture
used in Sections 2.2 to 2.4. In Section 2.5, we therefore restate our preced-
ing results in the interaction picture. We then derive the evolution of the
N-fermion system during a time interval Az in Section 2.6. Assuming weak
dynamical coupling and weak statistical correlation between the internal
and the spatial properties, the evolution is described up to second-order in
the dynamical interaction.

Knowing the evolution over a finite time interval, we come back to
our actual problem and determine the statistical evolution of the internal
properties of the fermions. This is done in Sections 2.7 and 2.8. Here we
assume that the spatial degrees of freedom of the fermions constitute the
bath, which fluctuates around some statistical equilibrium. We define
appropriate correlation functions, which take care of the fact that, due to
the interaction of the bath with the environment, the fluctuations become
uncorrelated for times exceeding a given correlation time. This loss of
memory is crucial to avoid the appearance of Poincaré cycles.®® In Sec-
tion 2.9 we make the additional assumption that the bath-correlation time
is much smaller than the typical dynamical time scale characterizing the
dynamics of the internal properties. This allows us to describe the coarse
grained evolution by a set of master equations. The particular structure of
these equations is discussed in Section 2.10.

In Section 3 we specify our approach for the case of N-electron
systems, where the internal properties of the fermions are given by the



366 Reuse et al.

electron spins. In this situation, the total spin S, besides determining the
operator of the spatial rotations, defines also the isotypic subspaces with
respect to the action of the permutation group Sy. This feature allows us
to construct an explicit basis in the Hilbert space associated with the
spin properties. The spin-orbit like interaction Hamiltonian defining the
dynamical interaction between spin properties and spatial properties is
discussed in Sections 3.1 to 3.3. In Section 3.4 we show that the first-order
interactions between the spin properties and the bath lead to a polarizaton
of the spin subsystem. The master equations describing the evolution of the
spin properties are presented in Section 3.5. Our final conclusions are
drawn in Section 4.

2. GENERAL N-FERMION SYSTEMS

2.1. Mathematical Framework

We consider a system of N fermions. The Hilbert space describing
such a system, which will be called s, ; for reasons that will become clear
later, may be constructed from the Hilbert space ..., describing the
properties of a single fermion. It is given by the subspace of the antisym-
metric tensors of # = # SN, .. Thus, to obtain #,, ,, we have first to
consider the natural action of the permutation group Sy on s, which is
specified by the unitary operators U(s), s € Sy. In order to define these
operators U(s), we choose a basis set of orthonormal vectors |[v), ve 4 in
Hormion- THEN [Vi,.., VgD =D @ [1,) ® -+ ® |vy ) with vy, v,,..., vy € A 18
a basis of orthonormal vectors in 5. The action of Sy on 4 is described
by

U(S) [Viseeos VD = [Vi=101)5e -0 V=i s Wi vy €A, (2.1.1)
which implies
U(s)) U(s,) =U(sy5), Vsy, 8, € Sy- 2.1.2)

Thus, the correspondence s+ U(s) constitutes a unitary representation of
Sy in the group of the automorphisms of #.
The Hilbert space J#,,  describing the N-fermion system is

Hy g =P, (2.1.3)

where

P[1N1=% Y a(s) U(s) (2.1.4)

* seSy
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Ha ® Hp = H
P
P/)\\ 11 Pé 11 HA+B
Q/\
‘.
Hy @ Hp ~ Hirp

Fig. 1. The diverse considered subspaces of the Hilbert space J# = #, ® #;. The corre-
sponding orthogonal projection operators are defined by the expressions (2.1.4), (2.1.20) and
its correspondent, and (2.6.9).

is the orthogonal projection operator of J# onto the subspace of antisym-
metric tensors (see Fig. 1). The symbol a(s) € {+1, —1} denotes the signa-
ture of the permutation s of Sy, and we have

a(s)) o(s,) =0(s;s,), Vs, 8, € Sy. (2.1.5)

In the following we label the different types of the irreducible representa-
tions of Sy by A. The dimension of the irreducible representations of type A
will be denoted d,. The set of all types of irreducible representations will be
denoted A. It may be identified by the set of partitions of N. Then each
type A is labeled by p < N strictly positive integers 4,, i = 1,..., p such that

112},22”'>ip>0 With ll+12++1p=N' (2.1.6)

The partitions are represented graphically by the so-called Young diagrams
in which boxes are arranged in rows and columns with A; boxes in the ith
TOwW. (30-33,37)

For example, the symbol [1V] =11, 1,..., 1] corresponds to a column
of N boxes. It denotes the type of the one-dimensional (irreducible) repre-
sentation provided by the mapping Sy 3s+>o(s). In Egs. (2.1.3) and
(2.1.4), the symbol [1¥] means that PI""1 projects # onto a subspace
carrying irreducible representations of this type. In other words, J,_ ; is
the isotypic component of type [17] of # with respect to the representa-
tion U, ie.,

U Wr=a(s) >, VseSy and [y)eH#,,. (2.1.7)
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In the following we suppose that each fermion possesses spatial as well
as internal properties being compatible which each other. In this case, the
single fermion is described by the Hilbert-space-tensor product

c;{;ermion = internal ® c;){;patial’ (218)

where H# ;i and ., describe the spatial and the internal properties of
the fermion, respectively. For example, in the particular case of an electron,
Hparian 18 given by L*(R? d’x), and #,my = C* describes the internal
properties associated with the spin 1/2. More generally, for massive fer-
mions with spin S the subspace .,y would be given by (C**!).
With Eq. (2.1.8), we obtain for the N-fermion system

H = "-% ® ‘% Wlth % = ‘%Stzevmab % = “%ggial' (219)
Accordingly, the unitary representation U(s) of Sy in # decomposes in 5,
and 3, so that

U(s) = U,(s) ® Ug(s),  VseSy. (2.1.10)

Any observable of the system may be described by a self-adjoint
operator O, which necessarily commutes with the representation U of Sy in
the full space o,

[0,U(s)]=0, VseSy. @.1.11)

An observable of the subsystem A is described by an operator of the form
0, ® 15, with a self-adjoint operator O, acting in #,. O, commutes with
the action of Sy in #,, which implies

[0,Uys)]=0, VseSy. (2.1.12)

Similarly, an observable of the subsystem B is described by an operator of
the form 1, ® O with

[0, Uy(s)]1=0,  VseSy. (2.1.13)

In the following we assume that the dynamical evolution of the system is
determined by a time-independent Hamiltonian of the form

H=H,®1,+1, ® Hy+H,,, (2.1.14)

where the Hamiltonians H, and H, govern the free evolution of the
respective subsystems A4 and B. The term H;, describes the interaction
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between the two subsystems. The operators H,, Hy, and H,, satisfy the
commutation relations

[H,, Uy(s)]=0, VseSy, (2.1.15)
[Hy, Ug(s)] =0, Vs € Sy, (2.1.16)
[Hy, U()]=0,  VseSy. (2.1.17)

For the following it is convenient to introduce orthonormal basis sets in
#, and 5, which are associated with the representations U, and Uy of the
group Sy. The vectors forming such an orthonormal basis set in J#, will be
denoted |a, 4, i). The symbol 4 € A4 labels the different types of the irreduc-
ible components of U,, and i =1,...,d,. The index a runs from 1 to n%,
where n’, denotes the multiplicity of the irreducible components of type A.
To get rid of the non-contributing irreducible representations, we define the
subset 4, = A

Ay ={Aed|n}>0}. (2.1.18)

The subset of vectors {|a, 4,i),i=1,...,d,} generates an invariant sub-
space of J#, carrying an irreducible representation of Sy of type A. Except
for the trivial case of a one-dimensional space #,, this basis set is not
uniquely determined. It can be chosen such that the vectors |a, 4, i) trans-
form as

U,(s) la, A, k> = Z la, 4, iy d* ,(s) (2.1.19)

for all seSy, AeAd,, and a=1,....nY. In this relation, d%(s),se Sy,
i,k=1,...,d,, denote the matrix elements of an irreducible representation
of Sy of type A chosen once and for all in the class of equivalence of the
irreducible representations of S, of this type. Such an irreducible represen-
tation is usually referred to as “standard representation” of type A. In the
case of the group Sy, this representation can be chosen such that the matrix
elements d%(s) are real.® In order to avoid any confusion, we will
nevertheless quote the group theoretical results in their general formulation
without using this feature.

According to Eq. (2.1.15) the basis vectors associated with the repre-
sentation U, may be chosen to be simultaneously eigenvectors of H,. For
an explicit construction of the basis, we introduce the operators“”

d
P} ,-k=ﬁ‘, Y, di(s)* Uy(s) (2.1.20)

seSy
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for Ae A, and i,k=1,...,d,. For i # k these operators are partially iso-
metric, otherwise they are commuting orthogonal projectors providing a
decomposition of the Hilbert space #, into orthogonal subspaces (see also
Fig. 1). From the theory of linear complex representations of finite groups
the operators P% ,, are known to satisfy the relations

Pii ik — PA ki>
, (2.1.21)
Pi ijPﬁl K= 61/1'5jkpi il
The operator
A d, *
Pi= z Pii=10 ¥ 19" Uy(s) (2.122)

seSy

is the projector of J#, onto its isotypic component of type A. The symbol
X, (s) denotes the character of the irreducible representation of type 4, i.e.,

1.(8) = Z dii(s). (2.1.23)

According to Eq. (2.1.15) the operators P, and H, commute, i.e.,
[H,, P4,]1=0, Vied, and Vi k=1,..,d,. (2.1.24)
From Eq. (2.1.19) it follows that
Plyla, A k> =la, A, i). (2.1.25)
Thus, starting from one of the eigenvectors of H, with the eigenvalue E?
associated with an irreducible representation of type A, the other d,—1
eigenvectors within the same subspace and with the same energy eigenvalue
are obtained from
Plla, A, 1> =a, A, k), Vk. (2.1.26)
They satisfy Eq. (2.1.19), as well as
H,la, ), ky=E%|a, A, k), Vk, (2.1.27)

assuming the spectrum of the operator H, to be discrete. The degeneracy
of the eigenvalue E* is at least equal to d;,.
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The B subsystem is described in the same manner. The basis vectors of
H; are denoted |b, A, i). The subset A,

Ay ={Ae A|n} >0} (2.1.28)
selects the type of irreducible representations of Sy carried by #5;. The

basis vectors |b, A, i), Ae Ay, with i =1,...,d, and b= 1,..., n’, satisfy the
relations

d;
Ug(s) |b, A, k) = Z b, A, iy d,(s), Vse Sy (2.1.29)
i=1
and
Hy|\b, ), k> =E}|b, A k>, Vk. (2.1.30)
The tensors
la, 2, k> @b, 1, j>  Aed,, pedy (2.1.31)

form an orthonormal basis of the Hilbert space J# = #, ® #;. The fer-
mionic character of the system implies that the physical states are described
by antisymmetric tensors /) € #,,. < H, i.e.,

UGs) W>=a(s) >,  VseSy. (2.1.32)

We therefore have to find the linear combinations of the basis vectors
(2.1.31) obeying the antisymmetry condition (2.1.32) and thus belonging to
the subspace .. For fixed A, a and u, b a non-zero vector can only be
obtained if and only if the irreducible antisymmetric representation
(denoted p = [17]) has a non-zero multiplicity in the decomposition

DP®DW~ @ a,D. (2.1.33)

ped

Due to the fact that the representation of type [1V] is one-dimensional, the
tensor product with an irreducible representation of type 4 is itself irreduc-
ible. Using the orthogonality relation for the characters of the irreducible
representations®®>” we get

1 " 1 if u=171
WM =3 sgN K ()7 2,(5) 2, (5) = {O otherwise. (2.1.34)
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Here 1 stands for the type of representation that is dual with respect to A.
We recall that there is a one-to-one correspondence between the different
Young diagrams specifying the partitions of the integer N, and the irre-
ducible representations of the Sy group. The dual representation corre-
sponds to the transposed Young diagram, which is obtained after exchan-
ging lines and columns of the Young scheme associated with the reference
representation. According to Eq. (2.1.34), the linear combination of tensors
(2.1.31) with fixed Ae A,,a and u € Ay, b carries a one-dimensional sub-
space satisfying the condition (2.1.32) if and only if A= ue A,. In other
words, only the non-zero linear combination

la, b, A) = Z A g 40> @ b, 1, kD (2.1.35)

i,k=1

describes a physical state and only one. In this expression cfi[ll 1 stands for

the Clebsch-Gordan coefficients associated with the isotypic components
of [1¥] type in the tensor product representation D® ® D™, These coeffi-
cients can be supposed to be real since the standard irreducible represen-
tations are real. Note also that d, and d; are always equal, and that the
resulting vector |a, b, 1) is non-zero if and only if A € 4 ,5, with

A ={AlAed, and L€ Ap}. (2.1.36)

Finally, it is easy to verify that the vectors |a, b, 1), Ae A, a=
1,....n%, and b=1,...,n% constitute an orthonormalized basis set of the
Hilbert space #,,  describing the composed system 4+ B, i.e., we have

a' b 2 | ay by 4> = 0,4, (2.1.37)

We will also use the relation

d;
Y A — (2.1.38)
i,k=1
which follows from the fact that the Clebsch—-Gordan coefficients are
matrix elements of a unitary (orthogonal) transformation.

Following essentially the same procedure, we can also decompose the
interaction Hamiltonian into a linear combination of tensor products of
operators acting in #, and #;. Let £ (#,) be the vector space of the
linear operators acting in J#, supplied with the Hilbert-Schmidt scalar
product <O, | 0',> = Tr(0,0’,). Consider the linear mapping

U (s): L(H) - L(H,), seSy (2.1.39)
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defined by the correspondence
L(H#)230,-U,(s) O,U,(s)7". (2.1.40)

The operator %,(s) is unitary relatively to the Hilbert—-Schmidt scalar
product in £(#,). The correspondence

Sy 35U, (s) (2.1.41)

yields a unitary representation of Sy in the space of linear operators acting
in Z(#,). We thus can choose an orthogonal basis in .#(#,) associated to
this last representation. Let 4%, Ae A, i=1,...,d, and a = 1,..., N be the
basis vectors, where N* stands for the multiplicity of the irreducible repre-
sentation of type A, and where the index A labels representations with
N% > 0. We define the corresponding subset

AZ ={ie A|N% >0} (2.1.42)

The A%, operators transform as irreducible tensor operators, i.e.,
d,
Uy(s) AL =U,(s) A Uy(s) ' =) ALdi(s), VseSy. (2.1.43)
i=1

The matrix elements d%(s) being real for Vse Sy, the operators (basis
vectors) A% can be chosen to be self-adjoint operators. Thus we may
assume

(Al)T=AL. (2.1.44)

The operators A%, form a basis of the isotypic component of type A of
L(H#,) relatively to the representation %,(s). In accordance with the
expressions (2.1.20) and (2.1.22), the corresponding orthogonal projector
P of L(H#,) onto the isotypic component %, (#,) of type A is (see Fig. 2)

d;
ﬂﬁ = Z @i i (2.1.45)
i=1

with

d,

i =
éﬂAii_'ﬁ]

Y di(s)* Uy(s).

seSy
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) (V]
A+B
LHa) ® La(Hp) —

Fig. 2. The diverse subspaces of the space of linear operators L (#) = L(H#,) @ L(#3).
The corresponding projection operators are defined by the expression (2.1.45) and its corre-
spondents.

Lo(H)

Similar notions can be introduced for the subsystem B as well as for
the full system A+ B. Let A7 be the analog of A% for B. In the space of
operators £ (#;) we choose a basis of irreducible tensor operators B’,}k

Bfgk, leds, B=1,..N% k=1,.,d,. (2.1.46)
Since
L(Hy @ Hy) = L (H,) ® L(Hp), (2.1.47)

the tensor products A, ® BY;, A€ AY, pe Ay, etc., constitute an ortho-
normalized basis of linear operators acting in # = #, ® #;. In conse-
quence, the interaction Hamiltonian H,,, in Eq. (2.1.14) can be decomposed
in a linear combination of operators of the form 4% ® B%;. We thus have
to determine the non-trivial linear combinations for which the condition
(2.1.17) is satisfied. Note that this condition is equivalent to the affirmation
that H,, is an operator of trivial type [ N] for the representation

U(s)=U () @ Ug(s) (2.1.48)

of Sy in £(s). The symbol [ N] corresponds to a row of N boxes in the
graphical representation by Young diagrams.

Considering the linear combinations of vectors 4%, ® B; with 4, « and
U, p fixed, it is obvious that the condition (2.1.17) is satisfied if and only if
the irreducible representation of trivial type [ N] appears with a non-zero
multiplicity in the decomposition

DP@D®~@P a,D, (2.1.49)

ped
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or in other words, if a;y; > 0. Since the characters y;(s) (2.1.23) of the
irreducible representations are always real and since also yy(s) =1,
Vs € Sy, the orthogonality relations for the characters of the irreducible
representations“? imply that

apny = N, Z Koy ()* 2,(8) 1,(8) = . (2.1.50)

The linear combination corresponding to the decomposition is unique. It
follows that the interaction Hamiltonian H,,, can always be written as a
linear combination of the operators

Hip= Z ey i AL ® By (2.1.51)
kj=1
with
redl n Ay =A%y (2.1.52)
We further note that
=L (2.1.53)

N3

The operators H iﬁ are self-adjoint. It can easily be verified that they con-
stitute an orthogonal basis for the isotypic component of trivial type of
ZL(#) for the representation %(s), Vs € Sy, which is denoted .Z, (). Thus
we have

U(s) Hly =U(s) HipU(s) ™ = Hy, (2.1.59)

(Hip)' = H, (2.1.55)

and the most general form of the interaction Hamiltonian H,, can be
written

N%  NE
z z Z gipHiﬂ (2.1.56)

heat, @1 A=t

with g2, e R.
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2.2. Density Matrix and Partial Trace Operations

We are now prepared to describe the physical system under considera-
tion. Let us first note that the corresponding density matrix is an operator
p acting on 4, which belongs to the trivial isotypic component .%,(#°) of
the space of linear operators £(#), i.e., it remains unchanged under the
action of S, generated by the unitary representation % = %, ® Uy. More
precisely, the operator p satisfies the conditions

pl=p p’<p Ti(p)=1 2.2.1)
and
[U(s), p1=0, VseSy. (2.2.2)

Accordingly, p commutes with the projectors

j 2 % Y 2,()*Us), Aed (2.2.3)

seSy

of the Hilbert space s onto its isotypic components with respect to the
action of S, on s provided by the unitary representation U. Thus, the
isotypic components are stable under the action of the density matrix p.
This holds in particular for the isotypic component of the type A= [1"],
which corresponds to the Hilbert space describing the physical system
A+ B. In fact, taking into account the definition of the density matrix, the
operator p acts non-trivially only on 5, , i.e.,

p if A=[1"],

) 2.2.4)
0 otherwise.

P}.p=pPi={

As a direct consequence of the previous considerations, the mean value
of an observable characterized by a self-adjoint operator O satisfying the
condition (2.1.11) is given by the trace operation

(0> = Tr(pO) 2.2.5)

performed on the whole space # or restricted to 5.

For our present purposes we still need a statistical description of the
subsystems. This can be obtained by a natural generalization of the above
relation using a so-called “partial trace operation.” We consider an
observable of the subsystem A. It is characterized by a self-adjoint operator
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O, that commutes with the unitary representation U, of Sy in the Hilbert
space %,

[04,Us)]=0, VseSy.

These commutation relations impose important restrictions on the values
of the matrix elements of the operator O, taken between the basis vectors
la, A, i). Actually, the operator O, commutes with the operators P/,
defined by Eq. (2.1.20), i.e.,

[0, Pi,]1=0, Vied, and Vik=1,.,d,.  (22.6)

From Eq. (2.1.25) it follows that P, may be used to generate the basis
vectors of #,. One can easily show that the matrix elements
La', A, i'| Oy |a, A, i) vanish for A# A’ or for i #i’, and that the values of
the matrix elements {a’, 4,i| O, |a, 4,i> do not depend on the index
i =1,...,d,. This may be expressed formally as

a', X, i'| Oy la, 4, 1) = 6,,00Kd’, 4, 1,| O4 |a, 4,1,), (2.2.7)
where i, denotes an arbitrary integer i, =1,...,d,. In the following we

assume i, =1. In order to prove Eq. (2.2.7) we use Egs. (2.1.21) and
(2.1.26), from which we get

a, 2, i'| Oy la, A, iy =<a', X, 1| P, 0,P% |a, 4, 1)
=<a, N, 1| P4, P4,0,1a, i 1)
=0,,0,<d’, 2, 1| P4 1,0, |a, 2, 1)
=0,0,<a’, 4,11 O 4 la, 4, 1.

Adopting the notation |a, A) = |a, 4, 1), we have

A
O la, 2 iy="Y la,Aiyd, 10, a, i), (2.2.8)

a=1

and consequently, with Eq. (2.1.39),

i
(0,®15)a,b,Ay= ) lda',b,i)<d', 2 O la, 2). (2:2.9)

a=1
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Following the same arguments, we get a similar relation for the operators
O commuting with the unitary representation Uy of Sy in the Hilbert
space 5%,

1

(1, ®0p) la, b, 4) = ZB la, &', 2)<¥', 21 Op b, 2y (2.2.10)

b=1

The mean value of an observable in the subsystem A defined by a self-

adjoint operator O, is obtained from a “partial trace” operation. Using
Eq. (2.2.9), one gets

0,>=Tr(p(0O,® 1]~B))

A A

= z nzA nZB <a’ b’ ll p(OA ®1]B) |Cl, ba /1>

Aedyp a=1 b=1

A A
= z 2 Z pﬁ aa' <a,9 A‘l OA Iaa /1>

Aedyp a=1 d=1

with
7

Phaw =Y <a, b, pla,b,A). (2.2.11)
b=1

In order to write the partial trace operation in a more compact form, it is
convenient to introduce some further definitions. First we define the sub-
spaces of #, generated by the vectors |a, A) =la, 4, 1), Ae A4,. The sub-
space generated by the vectors |a, 4> for fixed A will be denoted #*%, and
the one generated by the full ensemble of vectors by #,, i.e., we have

H4=Pi,H# and H,=P # (2.2.12)
7

Next, we introduce the operator Trp, which describes the linear mapping
Try: L (H) — L(H,) (2.2.13)
defined by
a', | Trg(0) |a, Ay = 8,,0% 4. (2.2.14)

with

7
0% .= Y <a',b, 2 Ola,b, ), (2.2.15)
b=1
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Lo(H 4) Lo(H) Lo(Hp)
NN A
%) 15
L(H2) L(H3)

Fig. 3. Mapping relations for the trivial isotypic components of the spaces of linear opera-
tors acting in #, #,, and #;. The mappings are defined by the relations (2.2.16), (2.2.22),
and their correspondents.

where O € %,(#), Ae A, and a’, a=1,..., n’,. For later purposes, we also
introduce three further linear mappings. The first mapping (see Fig. 3)

Trh: L (H)— L(H) (2.2.16)
is defined by
{a', )| Tt5(0) |a, A) = O .. (2.2.17)

The second mapping from the trivial isotypic component of £ (#,) into
L (Hy)

ta: L (Hy) > L(Hy) (2.2.18)
is given by
s Z(H#) 30, PO P, Gg(%)» (2.2.19)

where P, ,, denotes the projector of #, onto J#,

Piyw= ) Piy. (2.2.20)
ledy
Finally, the third mapping
Wt L(Hy) > L(HY) (2.2.21)
is defined by (see Fig. 3)
wi: L (H#,) 2 04— P40 PY L € L(FY). (2.2.22)

Obviously, the mappings u, and u are homomorphisms of algebra, i.e.,
for any O, O, € &,(#,) they satisfy the relations

14(0,40°) = (0,) py (0Yy),

, ) (2.2.23)
14(20,+a'0%) = ap (0, )+’ u(0)
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and

1i(0,0') = pi(0,) pi(0Y),

Ha(00, +0'0'y) = ap4(04) +o' u5(0'))

(2.2.24)

for every A € A4, and for arbitrary coefficients «, o’. In fact, the mapping u,
corresponds to an isomorphism between %,(#,) and L(H#,), i.e., there
exists a one-to-one correspondence between operators O, in %, (5#,) and
the associated operators @, u%(0,) in #(H#,). This follows immediately
from Eq. (2.2.7), which shows that the matrix corresponding to an operator
0, e % (H#,) is block-diagonal with respect to the index A denoting the
types of the representations. In addition, the blocks associated with differ-
ent types A are themselves block-diagonal, where the d; subblocks labeled
by i=1,...,d, are all identically the same. Then, each subblock of type A in
& (#,) associated with the operator O,, which is well defined since the
transformation U,(s), s € Sy leaves the subspaces #% unchanged, is asso-
ciated with one and only one subblock with indices A and i = 1 in L ().
For each irreducible representation of type A we have thus an isomorphism
between Z,(#%) and Z(#?), and consequently also between %, (#,) and
L(Hy).

The above definitions allow us to keep the mathematical formalism on
a concise level. In particular, the mean values of observables, which are
characterized by the self-adjoint operators O, become

<0,>=Tr(p,0,) (2.2.25)
where
Pa=Trg(p) (2.2.26)
and
0, = u(0,). (2.2.27)

Corresponding relations hold for the subsystem B.
We note that the operator g, possesses all the mathematical properties
required for a density matrix, i.e.,

Phi=phs Tr(pD=1  pi<ps (2.2.28)
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The first two properties follow immediately from the definition of p,. Here
we will prove the third relation usually referred to as positivity condition,
which may also be expressed as Y| p5 V> < Y| py WD, V¥ ) € #,. With

Wl p% > =; nZ_Al Yl pala, 45<a, Al pa >

-3 Al Ka, 2l 5s WP

a=

AR TATES

=Yl pa WD, (2.2.29)

where the last two lines are obtained from the Schwarz inequality and from
the second property in Eq. (2.2.28), respectively, we prove the desired
property.

The partial traces (2.2.13), (2.2.14), and (2.2.15) generalize the partial
trace operations employed in the standard quantum statistical approach.
Applied to the density matrix p they provide the statistical state of the
subsystem associated with the internal degrees of freedom of our fermionic
system. In contrast with the standard situation, where the reduction asso-
ciated with the partial trace operation corresponds to the reduction
L(H)— L(H,), we have presently a reduction of Z,(#) onto the sub-
space L (#,), where H#, is strictly included in #,. This generalization with
respect to the standard case is a consequence of the indistinguishability of
the particles forming the system 4+ B. It implies the use of a more elabo-
rate mathematical scheme. In the following we will show that the standard
approach of quantum statistics can be generalized to cope with this
situation.

2.3. Statistically Uncorrelated Subsystems

In spite of the fact that quantum correlations are unavoidable for
fermionic systems, it is appropriate to consider first statistically uncorre-
lated subsystems 4 and B. This corresponds to the assumption that the
density matrix p describing the statistical state of the system takes the form
of a tensor product

P=pP4®Ps, (2.3.1)
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where p, € £, (#,) and pye &, (H#;) are self-adjoint positive operators
satisfying the commutation relations

[ps, U(s)]=0 and [pg, Ug(s)] =0, Vs e Sy. (2.3.2)

It should be noted that the above form of the density matrix is preserved
during its evolution when the subsystems 4 and B are not dynamically
coupled, that is to say when H;,, =0 in Eq. (2.1.14). The above definition is
also conform with the theory of the canonical ensemble, since for H,, =0
we have

p= i e~ HalksT i e~ Hs/ksT

Z, Z,

with Z, = Tr(e #4/%7T) and Z, = Tr(e #/%T), and where T is the system
temperature and k; denotes the Boltzmann constant. The partial trace
Trg(p) of the density matrix (2.3.1) can be easily calculated. From the
definitions (2.2.14), (2.2.15) and the relations (2.2.9), (2.2.10) we obtain

a', X| Trp(0 4 ® Op) |a, 1)

A A }.
=0, Z Z Z {d', b, Aa", b", Ay{a", A O la, AY<b", 7| Op |b, XY
b=1a"=10b"=1

ul
=9,,{a', A O, |a, ) bzl (b, ]| Oy |b, 1)
(=6,,4a', A| Tr5(0, ® Op) |a, D).
This can be summarized as
0’y =Trj(0, ® 0p) = 1i(0,) Tr(s(0y))- (2.3.3)
Exchanging the role of subsystems 4 and B we obtain similarly
0} =Tr(0, ® 0) = Tr(4(0.,)) #3(0s)- 2.3.4)

For the particular choice O, = p, and Ogz = pg, the last two equations
become

Pl =Trh(pa ® ps) = t(p) Tr(ul(ps)) (2.3.5)

and

P =Tri(pa ® ps) = wh(ps) Tr(ui(pa)). (2.3.6)
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2.4. Statistically Correlated Subsystems

Even in the case of statistically correlated subsystems 4 and B, we may
still try to decompose the full density matrix p into parts associated with
the subsystems 4 and B. We first note that any density matrix p can be
decomposed as

P=P4s® pp+iyp. (24.1)

This decomposition is of course not unique. In order to get rid of this
ambiguity, we will impose further conditions on p,, pg, and # . Motivated
by the preceding description of uncorrelated systems, we attempt the choice

Tr(p) = wi(p.a) Tr(us(ps)), (2.4.2)
Tr/y(p) = Tr(uy(p.)) 15(ps), (2.4.3)

and
Tr(ns)=0 and  Tri(n.)=0, (2.4.4)

with p, € Z,(#,) and p € £, (H#;) and for every A € 4 4.
In order to prove the existence of the above decomposition, we first
define

i =Tr(Tr}(p)) = Tr(Tr/y(p)), (24.5)

where 0 < p, <1 is the probability of occurrence of the physical property
corresponding to A. Exploiting the isomorphism between Z,(#%)
(Z, (%)) and L(H#L) (L(H#%)), we can choose p, (p) such that

Tri(p) = a,phi(ps), VA€ Ay (2.4.6)
Trh(p) = by h(ps), VA€ Ay (2.4.7)

for arbitrary positive real numbers a,;, b;. Tracing the above equations
(2.4.6), (2.4.7) and using the definition (2.4.5), we find

D, b D;

“TTWA0) T Te(uh ()

Imposing now

aibj[ =D, Wlth a > O, bz > 0,
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we get that Eqgs. (2.4.6), (2.4.7) and Egs. (2.4.2), (2.4.3) become identically
the same. Then Eqgs. (2.4.4) are also satisfied. In fact, using Eqgs. (2.3.3) and
(2.4.6) we get

a, Trh(p)
Trh(4s) = Trh(p—pa ® pg) = Tri(p) ———22 =0,
A
and similarly from Egs. (2.3.4) and (2.4.7)
1 7 ; b; Tr'(p)
Try(145) = Tru(p—p4 ® py) = Tri(p) —lb—_“’ -0,
A

which proves that the decomposition described by Eqs. (2.4.1)(2.4.4) is
always possible.

2.5. Interaction Picture

The time dependence of a density matrix p describing the evolution of
the system 4+ B in the Schrodinger picture is given by

p(2) = e 7 p(0) ™/, (2.5.1)

where the Hamiltonian H has been defined in Eq. (2.1.14). In the inter-
action picture the density matrix reads

pl(t) = et /hp(t) e~ Hot/h (2.5.2)
where H, is the free Hamiltonian

Hy=H,®1;+1, ® Hy.
The evolution of the density matrix in the interaction picture is obtained by

taking the derivative of the relation (2.5.2) with respect to the time and
using Eq. (2.5.1). We then get

d I _i I 1
i ()= 7 [p7 (1), Hin ()], (2.5.3)

where H () describes the interaction in the interaction picture

Hi, (1) = ™" H e, (2.5.4)
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For the following it is useful to introduce Trz(p’(2)) € L(#,) and
Tri(p'(2)) € L(#?%). According to Egs. (2.2.14) and (2.2.17) we have

', 2| Trg(p' () la", "> = 0, <d’, X| Tri(p'(2)) |a", A"

"
=0y ), <, b, X p'(t) |a", b, ')
b=1
np
=0 Y. <a', b, X| ™ p(r) e M q" b, X'y
b=1
From Egs. (2.1.27), (2.1.30), and (2.1.35) we get
e—iHot/h |a7 b, ).> — e—i(Ei+EZ) t/h |a, b, l),
and consequently
<@, K| Try(p'(0) la”, 27 = =/, 1| Try(p() |a”, A7) e,

Defining H , as the self-adjoint operator u,(H,) acting in #, we have

H,la, Ay =E|a, 1), (2.5.5)
and finally
Trp(p'(1)) = /" Try(p(2)) e/, (2.5.6)
or equivalently,
Pa(e) =™ p (1) e Falm, (2.5.7)

Thus the transformation from the Schrodinger picture to the interaction
picture commutes with the partial trace operation Tr,. The same holds also
for the partial trace Tr, as well as for Tr} and Tr?%.

2.6. Statistical Evolution of the Subsystems A and B for Weak
Dynamical Coupling and Weak Statistical Correlation

We will now investigate the time evolution of the density matrix, or
more precisely of Tr5(p(¢)) or Tri(p(t)), assuming that the dynamical
coupling H;, (see Eq. (2.1.14)) between the subsystems 4 and B is weak
and that the mutual statistical correlation given by #,; (see Eq. (2.4.1))
remains small during the considered time interval. Under these conditions
we can describe the variation Tri(p(¢)—p(t,)) within second-order per-
turbation theory. We note that a first-order approach would lead to a
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rather trivial result, since in this case the most relevant contributions to the
energy transfer between the subsystems would be suppressed. The proposed
second-order approach is of course only valid for sufficiently small
At =t—t,. Actually, we will determine the reliable time interval from the
dynamical properties of the subsystems 4 and B, in agreement with the
hypothesis of weak dynamical coupling. This point will be discussed later
in more detail.

The hypothesis of weak statistical correlations between the subsystems
A and B relies partly on their presupposed weak dynamical coupling. In
fact, our approach is based on the hypothesis that the statistical correlation
between both subsystems is caused solely by their mutual dynamical
interaction. The correlation #,; is supposed to be of first order with respect
to the dynamical interaction H,,,. More precisely, we postulate the existence
of a past time ¢y, with 7y, <, <t, at which the two considered subsystems
were statistically uncorrelated. We then assume that the initially uncorre-
lated subsystems start to interact dynamically at time #,.

Integration of Eq. (2.5.3) from ¢, to ¢t = t, + At yields

p'(t)= p’(to)+hf dt'[p'(t'), Hy (1)1 (2.6.1)

This equation can be solved by an iteration procedure. Replacing successi-
vely p’(¢") on the right-hand side by the above expression (2.6.1), we obtain

Pty = p'(t) +1 j dr'[p'(ty), Hin()]

< > f dr’ dt"[[p’(to) Hiy ()], Hi ()14, (2.6.2)

which relates p’(¢) to the initial density matrix p’(z,). The density matrix
Tri(p(t)), A€ A, which provides the statistical description of the sub-
system A, becomes

Try(p'(1)) = Try(p'(1)) +5 f dt' Try([p'(t), Hin(?)1)

( ) [ ar [ e TR ). HAL HA @D+ -
(2.6.3)

A similar expression can be obtained for Tro4 (p(1)).



Coherent and Dissipative Spin Dynamics in N-Electron Systems 387

Following our introductory remarks at the beginning of this subsec-
tion, we keep only terms up to second order in H,,,. Moreover, in order to
control the degree of correlation between the subsystems, we replace p’(,)
in expressions (2.6.2) and (2.6.3) by

Pl(to) = Pi(to) ® P;(to) +’7f48(t0)a

which is the correspondent of Eq. (2.4.1) in the interaction picture.
Furthermore, according to our second hypothesis, we allow only for weak
statistical correlations #’;(¢) corresponding to the first-order contribution
with respect to the dynamical interaction H,,. Considering the right-hand
side of Egs. (2.6.2) and (2.6.3), we see that 5’,(z,) gives rise to a second-
order contribution in the second term, and a third-order contribution in the
third term. Keeping only the terms up to second order, we thus obtain

P = p'(t0)+3 [ dr[p(1) © pi(to). Hin(r)]
+<%> [[ar [ de o) @ pheo), Hiu(], HE(0))

i rt
[ ATl Han()] (264

and consequently
i rt
Tr3(p' (1)) = Try(p' (1)) +s L dt' Tr([pi(ty) ® pi(ty), Hin(t)])

+<,’—1.) [[ar [ e Tr ) © phito), HEG), Ha@)D

2 [ dr T (1), B ()], (265)

A similar expression holds for Tr’:l1 (p'(0)).

Now we need an evaluation of #’(¢,) limited to the first-order con-
tribution of the interaction H,,. Keeping only the first-order terms in
Eq. (2.6.4), we get

ph(t) ® pp(t)+n'ys(1)

i rt
= pa(ty) ® pi(to) +’7{43(t0)+ﬁ L dt'[p2(t) ® pi(to), Hin (1)].
0
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Using our previous assumption that #’,(¢) vanishes at time ¢ =1y, the
above relation implies

n45(t0) = pli(ten) ® pi(te) — pla(te) ® pi(to)

1 (to

7l dt'[py(to) ® pi(ty), Hin(1)]. (2.6.6)

Insertion of the above expression for 77;(%,) into Eq. (2.6.5) yields
i rt
Trz(p' (1)) = Try(p' (%)) ts L dt’ Try([pl(t) ® p5(t), Hin()])
0

+<%> [[dr [" ar Teh(Cok(t) © phite), Hawlt)], HE()])

00

5 [ dr Tri([ph(to) © ph(ta0)=pl(10) @ P(to), Hiu(t)D.
o (2.6.7)

Our aim is to express Tr(p’(¢)) in terms of the density matrices p’(¢,) and
pL(ty). Thus, we have to reconsider the dependence on p’(zy) ® pi(te)
appearing in the last integral. We start from the identity

Try([p4(1) ® pi(0), Hiy (1)) = [uh(p(0), Trp((1, ® pi(0)) Hiy (1)1,
(2.6.8)

which is obtained from the definition (2.2.17) and the relations (2.2.9) and
(2.2.11) according to

<a’ j‘| Tr}l;((pA ® pB) I{int) |a,’ 2‘>

=Y, ) LabAp,®pyla",b", 2" a", b", "| Hy ld', b, 2>
b

a'b" A"

=Y X <a M ua(pa) la”, 25<b, 2 us(py) b", 2y<a", b", A Hyg ', b, 2
b

a'b"

=2, <a A pa(p) la”, Ax<a”, A Trp((14 @ p3) Hiwe) |, 2,

and the corresponding expression for the reversed order of operators
Hi (4 ® ps)-
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Let now Q*, A € A4,; be the orthogonal projectors of the Hilbert space
H#,,p onto the subspaces #7%, ,, which are generated by the vectors
la, b, Ay fora=1,...,n* and b= 1,..., n}, (see Fig. 1). We have

P Z
0'=3 Y lab 2){a b, (2.6.9)
a=1 b=1
with
z Qi = P[IN] and QlQ” = 511’Qis V/L l’ € AAB- (2610)
AeAyp

The projectors Q* commute with the non-interacting part of the Hamilto-
nian (2.1.14), i.e.,

[OY H, ®1,+1, ® Hy]=0. (2.6.11)

The decomposed interaction Hamiltonian H,, is given by Eqgs. (2.1.51) and
(2.1.56). The matrix elements of the operators H';, acting in the subspace
#,, 5 generated by the vectors |a, b, 1), 4 € A 5, can be written as

a) by - -
Ca, b, Al Higla', b, ) =3 3 hy<a, A AL lla', 27, <b, Al B 1", s,
7=t o=t (2.6.12)
where {a, A| A% |la’, 2>, and <b, Al Bj |10, 755 denote the reduced matrix
elements of the operators A%, and B, respectively. The coefficients a, and

b; denote the multiplicities of the irreducible representations of types 4 and
/. in the tensor products D® ® D®) and D® ® D™, i.e.,

D®® D® ~ @ a,D% (2.6.13)
i

and

DW® DM~ byD?. (2.6.14)
7

Obviously, we have

by=a, Viedy. 2.6.15)
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Equation (2.6.12) is obtained by evaluating the matrix elements of the
irreducible tensor operators A%, and B, using the Wigner-Eckart theorem.
We get

{a, 2, i| Ay la', X', @' = il hdya, AL a', X, (2.6.16)
-
and

<b, 7 | By 10, 7', > = z cht b, B I, 15 (26.17)

where the coefficients c}f, and c}f(/; are the Clebsch-Gordan coeffi-

cients associated with the decompositions (2.6.13) and (2.6.14).
Finally, together with the relation (2.1.35) for the orthonormal basis
vectors in # , 5, we obtain for the real coefficients A% in Eq. (2.6.12)

dl d/» /l
/W Nk /1/1[1”] che A Z 7 /1/1[1]
his =h > 2 CiknCikGoCiy (2.6.18)

9y =
\/67111’=

Making use of the isomorphism between the subspaces H =0 A
and # ® H#%,

H oy~ N © H, (2.6.19)

we define the linear operators

AN G > A (2.6.20)
and
B s H (2.6.21)
by
Ca, A A \a', X'y = <a, A AL |la', ', (2.6.22)
and
Kb, A BB, Ty = b, A BA ||, T, (2.6.23)

As can immediately be seen from their definition, they satisfy the relations

(A5 = AFw (2.6.24)
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and
(Bt = Bl (2.6.25)

It should be noted that the operators A%* and Bj;" act in the subspaces
#, and #;, respectively. This allows us to describe the interaction operator
(2.1.56) in the space @, ,,, #4 ® #} rather than in #,, From
Eq. (2.1.56) and the Definitions (2.6.22) and (2.6.23) we get

a, .
Hii=Y Y g 2, Z WA A4 ® B, (2.6.26)
I

y=1 =1
which corresponds to
A A, A A
O'H Q" H g > Hysp-

This form is rather convenient and will be used in the following.
The above definitions can be straightforwardly translated into the
interaction picture. We then have

AT (1) = TtIn g0 it/ (2.6.27)

and
l,ul (l) zHit/hB(};;I’e—iﬁit/h (2628)

with
Ay=pi(H) and  Hj = ph(Hy), (2.6.29)

and the interaction Hamiltonian (2.6.26) can be expressed in terms of the
block operators

a,

HiZ (=3 Y g4 Z Z B AT (1) @ BUIE (1), (2.6.30)

In the following we group the index pairs ya and Jf into one, i.e., we
replace 4%* by A¥* and B2 by B*. With this convention Eq. (2.6.30)
becomes

HU (1) = Z Z g 4" (1) ® B' 7 (1) (2.6.31)

nt

with

g = gl = gt W (2.6.32)
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Inserting (2.6.31) into Eq. (2.6.8), we get

Tryp([ph(2) ® pi(1), Hiy(1)])

= z [i(pl(D)), A" #4(1')] z g4 Tr(uh(ph(0) B #4(2)), (2.6.33)
where we have used the identity
Tri((1, ® ph(1)) HL (1)) = Z ATt z g4 Tr(ub(ph(1)) BT #4(1)),

which follows directly from the relation (2.3.3). With the corresponding of
relation (2.3.5) in the interaction picture

Tr(up(p5(0)) wa(ph(0) = Tri(p' (1) = pi*(0),
Eq. (2.6.33) can be written in the compact form
T (P40 © ph(0). Hiu()) =[50 4 P10,
(2.6.34)

The coefficients

i Tr(pL*(r) B' M(t ))
Tr(p5 (1)
are real numbers, as can be seen immediately from Eq. (2.6.25).
We now come back to our actual problem, which was the transforma-

tion of expression (2.6.7) for Tri(p’(¢)). With Eq. (2.6.34) we obtain for
the first-order contribution

pat () =Trp(p' (1))

= Tr(p ) +5 | dr T L4 (0). A' P10 10, )
(2.6.36)

bt 1) = Z

(2.6.35)

Similarly, the integrand in the last integral of Eq. (2.6.7) becomes

Trp([phi(t0) ® ph(ten) — pli(to) ® ph(ty), Hi(1)])

—Z [57 (1), A 24(')] b (1o, ') — Z [Pl (1), A" 24(2)] b™ (14, 1').
(2.6.37)
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Equation (2.6.7) treats the interaction term up to second order. We have
thus to look for a first-order approximation to p’*(¢,,). This is obtained by
evaluating Eq. (2.6.36) at ¢ = t,,, which yields

Pl o) = P 1) J di" 3, [P (t), A1 0 (1, 1),
(2.6.38)

Inserting this first-order relation into Eq. (2.6.37), we get after integration
'[ dt’ Tryp([pli(te) ® pi(ten) — ph(t0) ® pi(ty), Hi (1)1

i\2 pt to0 _ A ram ’
=<ﬁ> [ ar S [ dr Y L0pi ), 4T )], A )]
0 po Vo wo!

x b (15, 1) B (14, 1')

+— f ar Z [5L(ty), A" 24(2)1(b™ (g0, 1) — B (1y, 1')).
(2.6.39)

In the first term on the right-hand side we can replace bzﬁjz(too, t") by
b**(t,, 1), since this change corresponds to a third-order correction in
Eq. (2.6.39).

We now consider the last term in Eq. (2.6.39). With the definitions
(2.6.35) and (2.4.5) we obtain

Jul Tl ,1”,1 ﬁfxz(foo)_ﬁfzz(to) I Tul gt
i - 0= e (a0 ) r o)
(2.6.40)

Interchanging the roles of the subsystems 4 and B in Eq. (2.6.38), we get
the first-order expression for the subsystem B

di" Y. [ (1), B a1, 1), (2.6:41)

PB (too) /731([0)+h
fo up

where the coefficients a’“"l(t t") are given by the correspondent of
Eq. (2.6.35)

lni(t )= Z /1,,/1 Tr(pl* (1) A" (1))

2.6.42
T(7Y (1)) (26.42)
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From the definition (2.4.5) of p, and the equivalent of Eq. (2.2.11) for the
subsystem B we find that

(1) = Tr(pA(1)).

Tracing Eq. (2.6.41) and using the fact that the trace over the second term
containing a commutator is zero, we get the first-order relation

Di(t) = Tr(ﬂy(too)) Tr(ﬁy(fo)) D:(to)-
We may thus rewrite Eq. (2.6.40) as
b (19, )= b (1y, 1)

. s ”
1t as”(ty, t
=§ gﬁ"}Tr(— ” dt" E A (. ')
B fids i Dai(to)

[—Il(to) Bllﬂl(t/r)] BIA;M(I )>

=ﬁ t00 dr" Z (blﬂl}ll(to’ " t) biﬂlﬂl(zo,t t”)) a}.y (th r/) (2643)
0 wo'

where the coefficients 5%7(¢,, ¢', t") and a*(1,, t') are defined as

Tr(py’ (1) B (1)) B'Y* ("))
Tr(55' (1))

L (DT Z g g (2.6.44)

and

Tr(py’ (1) 47(1)
Tr(p2" (t))

a(ty, 1) = (2.6.45)

Inserting (2.6.43) we get finally for expression (2.6.39)

%'Lz dt' Tra([ph (1) ® ph(ten) — pLi(ty) ® ph(ty), HE.(t)])

=<£>2J dt% . " dt”

x Y (L[5 (1), A4 (") 1, AT (2')] b (1, £7) B (84, 1')
wa'
[P0 (t), A () J(BE W (19, 1", 1) = b (10, 1, 7)) @ (19, 1))
(2.6.46)
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We now consider the third term in Eq. (2.6.7), which contains the
commutator expression

Try([[pa(te) ® pi(te), Hin(t")], Hin(t)])
= Tr((p4(to) ® p5(t)) Hin(t") Hip (1))
= Try(H (") (p4(t) ® pi(to)) Hin(t)
—Try(H () (p(t) ® pis(ty)) Hiy(1")
+Trp(Hiy (1) Hiy(8)(pl4(10) ® ps(10)). (2.6.47)

This relation can still be simplified. As an example, we take the first term
on the right-hand side. According to the definition (2.2.15) of the partial
trace operation, its matrix elements in /% can be written

<a, A Trg(pl(t)) ® pi(ty) Hiy (") Hiy (1)) |d', A)
=Y. 2 ) £ab A py(ty) ® ps(t) la", b", Ay
b ab" a"B"p
X <a", b, 2| Hip(") 10, b7, p<a”, b, pl HEy(4) |a', b, 2,
where we have used the fact that p’(z,) and p%(z,) commute with the

representations U, and U of Sy in 4, and #;, respectively. Using
Egs. (2.1.35), (2.1.37), (2.1.38), and (2.2.7), we obtain

Ca, b, 2] pi(te) ® p(ty) la”, b", 4>
= <a, | @a(pl(to)) la", 25<b, 21 (P (1)) 16", ).

With Eq. (2.6.12), the matrix elements of the interaction Hamiltonian
(2.6.26) become

<a// b// il H’lnt(tll) |alll’ blll, p>
=Y Y gl Y Hea, A A" lla”, p), ", A B (") 1B, By
Py v
and
<", b", pl Hiy(t') |, b, 2

=Y Y gl Y wa”, pl A I, Ay, <b", pl Bt |1, Z)s.
noof y0



396 Reuse et al.

Altogether, we get for the first term on the right-hand side of (2.6.47)
Tri(pl(te) ® pp(te) Hin (") Hin (')

=2 X ) gy Zhl’”’Z Zgaﬂzh”’“

p wAp Yo'

x pa(pl(ty)) A")er (1) A”””(t ) Tr(up(pa(t)) BYE (1) B3 (1))

where we have used the definitions (2.6.22) and (2.6.23). Adopting the
short-hand notation introduced in Egs. (2.6.31) and (2.6.32), and remem-
bering that according to Eq. (2.4.2)

P’ (ty)

Lo (1)) = —Pa )
Halt Tr(h(p (1))

we obtain

Trh(ph(ty) ® ph(ty) HL (") HL (1))
=Y 3 Y BLAt,) AT (") AT B (1, 87, 1), (2.6.48)

p o om o

where the coefficients bio’ffﬁﬂ(to, t", t') are defined in Eq. (2.6.44).

The other terms on the right-hand side of Eq. (2.6.47) can be simpli-
fied following the same procedure. With Eqgs. (2.6.34), (2.6.46), (2.6.48) and
its correspondents, the partial trace (2.6.7) finally becomes

Tri(p'(2))
i ! - ! Tul !
= piM0) = Pl (0) +5 f, dt'y [pi(to), A% (1)1 6™ (1,, 1)
0 ot
i 2 ot , too ”
+<ﬁ> LO dt >, drt
x z ([P (o), A™HH(e")], A™4(2')] b7 (1, £7) B (24, 1)
+[p£ﬁ(to) A )] @™ (8, ") BB (8, 1", ) — b (1, 1, £7)))

(3) [ S ar T S @l 4@ 4P B, )
/ux too

A P ) A D 1, )
— AT (1) (1) AN B (10,17, )
AT () AVEE) Pl (1) DYt 1, 27)). (2.649)
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The above relation describes the time evolution of the subsystem A of a
fermionic system 4+ B up to second order in the interaction H;, with the
subsystem B. The resulting diagonal blocks p%*(¢), A€ A, of the density
matrix p%(¢) determine the “statistical state” of the subsystem A at time ¢.
They depend on the initial statistical states of both subsystems at time ¢,
described by p’%(t,) and p%(z,), and also on the time #,, at which both sub-
systems were supposed to be statistically uncorrelated. The influence of the
subsystem B on the behavior of the subsystem A enters Eq. (2.6.49) through
the functions b%%(1,, t) and b*?%(s,, ¢', t"), which depend only on p4(%,).

Relations similar to (2.6.49) hold also for the density matrix pj(2).
In this case, the subsystems 4 and B are exchanged, and the respective
relations can easily be obtained using this formal analogy.

2.7. Statistical Evolution of the Subsystem A for a Subsystem B
Fluctuating around Some Statistical Equilibrium

We consider again the situation discussed in the previous subsection,
where the two dynamically coupled subsystems 4 and B were supposed to
be only weakly statistically correlated. For the following, it is now impor-
tant to note that even though our description of the evolution of the system
was based on Eq. (2.5.3), which assumes the physical system 4+ B to be
isolated or closed, the above relation (2.6.49) can be used also in the more
general situation, where the physical system A+ B interacts with its envi-
ronment. This follows from the fact that the influence of the rest of the
system on the subsystem 4 is completely included in the functions
b*(t,, t) and b4 (¢, ¢', t"). Thus, it is only necessary to assume that the
dynamical coupling of the subsystem A4 to the rest of the system, whether
open or not, is solely determined by the interaction with the subsystem B.
In other words, the subsystem B can be limited to the most important
degrees of freedom in the rest of the system that govern the time evolution
over time intervals compatible with second-order perturbation theory. In
the following we will use Eq. (2.6.49) to study the time evolution in the
subsystem A interacting with an open environment, assuming that the
dynamical coupling of subsystem A4 with its environment can be described
by the coupling to an adequately chosen finite subsystem B.

We first discuss the statistical evolution of a subsystem A that interacts
with a subsystem B, which is maintained near some statistical equilibrium
but which still fluctuates due to its dynamical coupling with the sub-
system A. Expressed in the Schrodinger picture, the corresponding density
matrix of the subsystem B reads

Trhy(p(2)) = pa(t) = o5’ +0p5(2), 2.7.1)
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where pi‘) describes the imposed statistical equilibrium in the subsystem B
with

(5%, H31=0. 2.7.2)

The fluctuations dp3(¢) being generated by the dynamical interaction H,,,
they depend at least in first order on H,,.

Actually, as in Section 2.6, we postulate the absence of fluctuations
at a time ?y, preceding the considered time interval from ¢, to ¢, i.e., we
suppose that before the time z,, the system dynamics is described by two
independent and statistically uncorrelated subsystems 4 and B.

From Eqgs. (2.4.1), (2.5.3), and (2.6.34) we find

d _ran e (4P
EPA (t)=TrB( dr

== TrB([p’(t) Hiy(1)])

=%[ 5L (D), z bM(1, 1) A’W(z)]+ Try([n4s(), Hin(0)]).
(2.7.3)

In a first rough approximation we will neglect the influence of the fluctua-
tions dp%(¢) on the evolution of the subsystem 4. In the same spirit, we will
also neglect the influence of the statistical correlations #’z(¢). This is
equivalent to a first-order approach with regard to the interaction H,,.
Then, Eq. (2.7.3) simplifies to

_”(t) ~o [p H0), Hipa (D], (2.7.4)
where, in accordance with Eq. (2.6.35), we have introduced the operator

Hlb() = Z Z gHABMI0 410 (1) (2.7.5)

with the coefficients

Tr(p3’ B4 (1) _ Tr(p3°BY)
Tr(p}") Tr(p}")

o __
bﬂ -

(2.7.6)
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The second equality in the above relation implying the time independence
of b%*° follows from

7 ) TR )
BU;M(Z‘) = HBt/fiB/lﬁle—t Ht/h

and the fact that p3° commutes with A%. Going back to the Schrodinger
picture, this means that, keeping only the lowest-order interaction terms,
the presence of the subsystem B can be described by an additional time-
independent “external force.” In other words, the first-order contributions
can be removed by including them in the free Hamiltonian H, that charac-
terizes the internal dynamics of the subsystem 4. To state this more preci-
sely, we first write the Hamiltonian H in the Schrodinger picture in the
form

H= (HA +HApol) ® 1]B+1]A ® HB+(FIint_HApol ® ﬂB)’

where H, ,, is determined by the relations
HilHop) =% 3 50
u ap
for all 1. The uniqueness of H,, is ensured in view of the isomorphism
between %, (#%) and L (A#*) discussed in Section 2.2. Then, according to
Hi —H a0y @15 =% T g 4 @ (B — 01,67 °1})

u o ap
it is convenient to make the substitutions

H,+H,  —~H
Tk ’ 1 zA pzl fl 2.7.7)
B —0; b7 01]B—>B;; .

The redefined hamiltonian operator H, includes the polarization of the
subsystem A in presence of the subsystem B. Adopting the redefined
operators B*%" and using Egs. (2.7.2) and (2.7.6) we find

Tr(p5° B3 (1)) =0, (2.7.8)
and Eq. (2.6.35) yields
b (8, 1) =0, (2.7.9)

which is valid to first order in H,,. Thus, the above substitution leads to
a vanishing first-order contribution in Eq. (2.6.49). Expressed in more
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physical terms this means that, neglecting the effects of the fluctuations of
the subsystem B and of the statistical correlation #,5(¢), the time evolution
of the subsystem 4 is trivially described by

dPAl(t)
Cdr

In order to catch the non-trivial part of the dynamics that is induced
in the subsystem A by its interaction with the subsystem B, we have to
consider the effects of the fluctuations 6p5(z) as well as of the statistical
correlation #,4,(¢) between both subsystems. In the following we will work
with the new operators H, and B*#, which are obtained after the substi-
tution (2.7.7). Then Eq. (2.7.8) is valid, and all first-order terms vanish.

Let us first consider the functions b*?#*(¢,, ¢',t") defined in
Eq. (2.6.44), which depend on the reduced density matrix

PEi () = P’ +0ph (). (2.7.10)

The changes of 5%7% (¢,, ¢, t") due to the fluctuations 6p5(¢) lead to con-
tributions of at least third order in the relation (2.6.49), which can be
neglected in our present second-order approach. This means that we can
replace the functions 6% (¢,. ¢, t") in Eq. (2.6.49) by

lﬂ/mi t" Aup /ml r(pgoBM;ﬁ(t,) Bl%%(t")) 2.7.11
t") = Z g T . (271D
B

n

They depend only on the time interval ¢ —¢”, since the operators p";‘)

commute with A 113 (see Eq. (2.7.2)) and thus
Tr(p);OBI%ﬁ(t/) BI%,Z(I‘”)) — Tr(ﬁioeiﬁit,/th’/ﬁﬁe_iﬁg(’,_’”)/hBﬁ’é:ze_’ﬁit”/h)

;’[ , ” P e ” P
— TI‘( =70 tHB(t —t )/hBi/épe—zHﬁ(t —t )/thZIA).

From the symmetry properties of the functions b%7#(z,, ¢, 1") we get
immediately

lﬂﬂﬂl(t "> = czaf‘,'(’zﬂz(t”—t’). (2.7.12)

The functions ¢*?4* (' —¢") are the so-called correlation functions of the
“observables” associated with the operators B"#?(¢') and B"7**(¢") in the
subsystem B. They depend explicitly on the statistical equilibrium described
by the density matrix p%.
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The remaining second-order contributions in Eq. (2.6.49) are gener-
ated by the functions b%*(t,, t), which are defined in (2.6.35). After the
substitution (2.7.7), the dependence of the functions b’“"l(to, t') on the
interaction H,, is given by second- and higher-order terms. Consequently,
the third term in Eq. (2.6.49), which contains the product of these func-
tions, describes contributions of at least fourth order in the interaction, and
thus it has to be neglected in our present second-order approach. It follows
that only the second term in Eq. (2.6.49) can still contribute to second
order in the interaction. For its evaluation we first rewrite the definition
(2.6.35) of b**(t,, t') by using Eqgs. (2.7.1) and (2.7.8). We then get

bzfi(to, t') _ Z g,%{ Tr(éﬁgl(to) BI?S’M(I")).
2 Tr(p5° + 075" (1))

(2.7.13)

Obviously, the second-order contribution to b’M (t,, t") is determined by the
first-order contribution to 5p§’1(10) According to our general assumptions,
the subsystems 4 and B are statistically uncorrelated at time ¢,,, i.e., we
have

595 (10) = 0. (2.7.14)

Thus, from Eq. (2.6.41) and with the definitions (2.6.42) and (2.6.45) we get
the first-order expression

l(to)_—- Cdi" Y gHEpR, BN al (1, 1), (2.7.15)

W

This relation for 5p%(¢,) describes the linear response of the subsystem B to
the “external forces” a’¥(t,,t"), which represent the interaction with the
subsystem A over the time interval from ¢, to f,. Inserting the above
expression for 5p§’1(t0) into Eq. (2.7.13) and using the definition (2.7.11),
we obtain finally the desired second-order relation

. Tr(6p%(t,) B4 (¢’
P (1, 1) Y g (2 (0-)10 3(@))
B Tr(p3")

, Tr([ﬁl 0’ Bllﬂ }'(I")] Bl/l;d,(t )) "
Tary, Y gy a (1, 1)
a'y Bp Tr(pB )

dt/r Z (clulul(tu t) cl;dyl(t —t")) ai{l(to’ t").
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With the definition and the symmetry property of the susceptibility

Ty _ g I /lﬂ/lﬂl
e (0) =2 Im(c7757 (7)), 2.7.16)

1 () = — g E (—),

the above equation becomes
b (8, 1) = J dt" Y8 —1") at (ty, 1"). (2.7.17)

As was already mentioned above, the functions b%#7(z,, ¢, ¢") and

c*4t (¢ —¢") differ from each other by contributions of at least third order
in the interaction. We emphasize that the correlation functions depend only
on the time difference #'—¢" and, in particular, do not depend on #,.
Keeping only terms up to second order, we thus find that the second and
the fourth term in Eq. (2.6.49) cancel each other, so that finally, under the
additional initial conditions discussed at the beginning of this subsection,
only the first and the fifth terms of Eq. (2.6.49) contribute to the corre-
sponding second-order expression. The influence of the subsystem B on the
evolution of the subsystem A is then given by

pLA) = ﬁf/(to)+< >j dr z[ dt"

Xz Z (,5,141([0) A”’up(t") Alpul(t)cl,up,ul(tn_t/)

wa p
— A1) (1) A'PHE) P 1)
— AT () Y (1) A"EHE") PV )
+ AT (1) AT B (t) PR —17)). (2.7.18)

The above equation describes the situation, where the subsystem B is held
near some statistical equilibrium but still fluctuates. We see that, apart
from an explicit dependence on the time ¢y, the resulting evolution of the
subsystem A is fully determined by the correlation functions c’l”””’l(t' —1t").
As a particular example, let us consider the case where the density
matrix of the bath subsystem B is described by the canonical ensemble

1 -1 1

=g Be
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Inserting the formal identity
Tr(55 B (1) B (1"))

— L Tr(ezHB(t +ilif— t”)/hBlupe—zH’g(t +ihf— t”)/h —pAY Bp;ul)

B

_ Tr(pp 0 —1H’,}(t’+ihﬁ—t”)/hB§g’ZeiFI£(t’+ih/f—t”)/hB:1;uﬁ)
= Tr(p5° B (t") B (¢ +ihp))

into the definition (2.7.11) for the correlation functions, we get the symmetry
property

PR =T il TR B B+ inp)
_ ppcp;fi”p(—f—ih'ﬂ) (2.7.19)

with pd = Tr(p%°), which will be used later on.

2.8. Statistical Evolution of the Subsystem A for a Subsystem B
Acting as a Bath

We now come back to our original problem, which was the description
of the statistical evolution of the subsystem A coupled to a bath subsystem B.
As before, we assume weak dynamical coupling and weak statistical corre-
lations between both subsystems. The bath character of the subsystem B
imposes certain constraints. First, we have to assume that the subsystem B
ﬂuctuates around a statistical equilibrium, which is described by a density
matrix p% that commutes with the free hamiltonian operator H,, the fluc-
tuations becoming uncorrelated for times larger than the ‘“correlation
time” t7". Secondly, the evolution of the subsystem A4 must be slow on the
time scale 73", i.e., the correlation time 73 has to be much smaller than
the typical “evolution time” 75 of the subsystem A.

The second condition requlres some additional comments. While the
meaning of the correlation time 3™ is rather self-explanatory—it defines
the time interval |¢' —¢"| over which the correlation functions c’l"””’l(t’ —t")
differ significantly from zero—the notion of the evolution time 75 is much
more subtle. This time will be defined properly in the next subsection. For
the moment it is sufficient to say that the “evolution time” 75 can be seen
as a measure of the coupling strength, which increases w1th decreasing
strength of H,. Roughly speaking, for electrons in a “frozen” molecule,

evol

75 would correspond to the fine-structure splitting of the energy levels.
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corr

It is easily seen that—in principle—a small correlation time 73" is only
compatible with a broad continuous (or at least quasi-continuous) energy
spectrum of the subsystem B and a statistical state p% corresponding to
wide-spread occupation probabilities on this energy spectrum. At first
sight, this seems to be in conflict with our actual description, where the
subsystem B is associated with a Hilbert space #; of finite dimension. In a
completely closed system this would lead to Poincaré cycles for the corre-
lation functions of the subsystem B on long time scales.®® This is obviously
not the situation considered here, where we have characterized the bath
subsystem B by the mean density matrix p% and the correlation functions

‘”””‘(t t"), which become zero for large time intervals ¢’ —¢”. In order to
solve this puzzle, let us first recall that, according to the remarks at the
beginning of Section 2.7, the relation (2.7.18) is still valid for subsystems B
interacting with the external world containing an infinite number of degrees
of freedom and a continuous infinite spectrum. In this case, the statistical
properties of the subsystem B and in particular the correlation functions

(¢ — ") are determined by its interaction with the subsystem A as well
as by its interaction with the external world. In our present description we
assume that the latter interaction prohibits the appearance of Poincaré
cycles, and that it is responsible for the required small correlation time 73"
Thus, 73" is a phenomenological parameter that accounts for the effective
openness of the considered 4+ B system due to its interaction with the
infinite external world.

Our present aim is to describe the evolution of the subsystem 4 during
a time interval At = ¢ —¢, that is much larger than the correlation time 73",
i.e., we suppose

t—ty = At > 13",

The above restriction allows us to simplify the corresponding relation
(2.7.18). As can be seen from this equation, the influence of the bath sub-
system B on the evolution of the subsystem A4 is completely determined by
the correlation functions c*7#*(¢'—1t"). The latter are only significantly
different from zero if their argument |¢' —¢"| is of the same order of magni-
tude or smaller than the correlation time t3". Accordingly, the integration
area for the double integrals with respect to ¢’ and ¢” in Eq. (2.7.18) can be
restricted to a narrow strip close to the line |¢'—¢"| =0. This suggests to
replace ¢” in Eq. (2.7.18) by the new variable of integration 7 =¢'—¢". Then
the double integration can be rewritten as

ft' dr

0 too o "—1tg0 f

’ dt"-.-=—j: dz'f) dr-.. = ’dz'j"*'“dr.-.: j ar [ dr---.

0



Coherent and Dissipative Spin Dynamics in N-Electron Systems 405

For the last approximate equality we have used the fact that the correlation

functions ¢*?7(t) vanish for 7> 1" — 1 = 1, —tg = 7. Thus, expression
(2.7.18) can be replaced by

A A 2
ORI (z0>+< )j dr Zj de
XY, X (Bt (t0) AP (1 —7) A P (—)
wo!
— AV =) Pl (1) AT ¢ (x)

— AT () P (1) AN 1) P (=)
AT () AT =) (L) (D). 28.1)

We emphasize that the above relation does no longer depend on the time #,.
It is homogeneous with respect to the time. This is a consequence of the
fact that the bath subsystem B has a finite temporal memory, which implies
that it cannot store any information about its interaction with the subsys-
tem A over times larger than t3". Thus, the introduction of the time ¢, is
just a formal step, which does not lead to any further limitations concern-
ing the validity of the present approach. The influence of the bath B on the
behavior of the subsystem A4 is completely determined by the statistical
correlations which are “born” during the time interval from ¢, to ¢. These
correlations are maintained over times, which are of the order of 73, and
thus much shorter than the considered time interval.

To write Eq. (2.8.1) in a more explicit form, we refer to the ortho-
normal basis vectors in the Hilbert space #,, which were introduced in
Section 2.2. Let us briefly recall the basic facts. The orthonormal basis of
the Hilbert space J#, is given by the vectors |a, A> =|a, 4, 1), a=1,..., n*
and 4 € 4 ;. According to Eq. (2.5.5), these vectors are eigenvectors of the
Hamiltonian H,, i.e., they satisfy

H,la,\y=E*|a, 1). (2.8.2)
We have
a', | A" (t) |a", p'> =0 if V#1 or p'#p, (28.3)
and otherwise

<, A AT (1) ", py = Ca, A AW ", py el e (28.4)
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with

" a a"

o —a T (2.8.5)

Thus, using the above basis of #,, we know the explicit time dependence
of the matrix elements of the operators occurring in Eq. (2.8.1). This allows
us to write the corresponding relations for the matrix elements of the
density matrix p’*(¢) in a rather compact form. Inserting the matrix ele-
ments (2.8.3)—(2.8.5) into the matrix equation corresponding to Eq. (2.8.1),
we obtain

<a15 ;{'l p_,{il(t) |a29 }'>
= <a19 j'| ﬁ;l(to) |£l2, j'>

) ’ — ’ ! . ’ !
+Y X T5G < pl () ad p) | expli(el, —wlfy) 1) di
roan ’ (2.8.6)

with

paja, __ p a\a, p ayay * __ a] Aaya, a’ z Aajay *
F}. allazz - <FA. alla22 +Fl azzall alp <6ai Z Fvat% 2 +5a§ F‘vua1 !

(2.8.7)
and
. 1 , 0 - . opa
Fiaa = W Y. Y <Lay, A A% |ay, py<as, p| AP |ay, l)j PP (1) e “unn® d.
S (2.8.8)

p a1

From the above expression of the coefficients '/ 512 we get immediately
the symmetry relations

Fﬁ 2’112’22 * _ I"ﬁ 2'22“;'11 (289)
and the sum rule

z Z Fﬁ Z;lla’z =0. (2810)

A a

The proof of the relations (2.8.6) and (2.8.7) is straightforward even though
rather laborious, and it does not present any major mathematical diffi-
culties. After integration with respect to ¢’ in Eq. (2.8.6), we obtain the



Coherent and Dissipative Spin Dynamics in N-Electron Systems 407

following expression for the matrix elements of the reduced density matrix
Pa(?)

{ay, Al PAl(t) lay, 4>
=<a, A Pl () lay, Ay + 4ty Y, T'hiedal, pl pi’ (1) las, p>

p aia,
x g((wg, —0h’h) A1) exp(i(wyf, — 45 ) ) (2.8.11)
with
- At

At=1t—t, and = t0+7, (2.8.12)

and where g denotes the real function

i 2

L. LG/ Ny (2.8.13)

x/2

Equation (2.8.11) gives us the desired time dependence of the statistical
state of the subsystem A interacting with the bath subsystem B. It is the
basis for our following derivation of the so-called master equations, which
govern the “coarse grained” evolution of the subsystem A.

The absolute values of the exact matrix elements {a,, A| p’*(¢) |a,, 1)
are bounded by 1. This follows from Eq. (2.2.28), which implies that

i
ng

Y X Kan A pgla, DIP=Tr((p)*) < Tr(p) =1.

A ajay=1

In order to prevent violation of this condition when using the approxima-
tive relations (2.8.11), we have to keep the time interval A¢ small enough.
This means that the relations (2.8.11) are only valid within a time interval,
which on the one hand satisfies 4t > 73", and which on the other hand is
small enough to ensure that the operator p’(¢) provided by (2.8.11) satis-
fies the second condition (2.2.28). It should be noted that the two further
conditions listed in (2.2.28) are automatically satisfied by the approximated
reduced density matrix, since the relations (2.8.11) together with the prop-
erties (2.8.9) and (2.8.10) yield a self-adjoint density matrix p,(¢) with unit
trace for arbitrary ¢ and ¢,.

2.9. Coarse Grained Statistical Evolution of the Subsystem A

In the following we will assume that the ensemble of difference
frequencies w’ % —w?”% # 0 in Eq. (2.8.11) does not have an accumulation

”1“2 ayay
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point at zero frequency, or in other words, that the spectrum of all tran-
sition frequencies a)“ possesses a minimal non-zero splitting frequency
ACOA;

Adw, = inf |60a1a2 —wglh | #0,

with a, and a, =1,...,n%, @} and a, =1,...,n% and 4, p € A,. This condi-
tion is satisfied in the presently considered situation of a Hilbert space 5,
of finite dimension where one has a finite number of frequencies.

Our present purpose is to obtain a system of equations governing the
so-called “coarse grained” evolution. In other words, we are looking for
the equations, which govern the time evolution of a “time-averaged”
density matrix p’(¢), where the time averaging suppresses the oscillations
generated by the bath. We define the time-averaged density matrix D% ()
by

I THA/2 L,
DL(7) —Zj pL(t) dt (2.9.1)
with
TET KAt <K Wy <27/ A0y, (2.9.2)
where
O =max{|@}’ [}, a,a,=1,.,n}, ledy

denotes the maximal transition frequency. Similar to p%(#'), the operator
D%(7) (29.1)is self-adjoint with unit trace. We note, however, that the time-
averaged density matrix D% (#) does not strictly satisfy the positivity condi-
tion (2.2.28).
Equation (2.9.2) allows us to use the approximate identity

@k, —ohh) A =1. (29.3)
Then, according to the relations (2.8.11), the evolution of the restricted
density matrix p%*(¢) is basically governed by two different types of
behavior. On the one hand, terms with walaz —wjh ~0 lead to a change
increasing linearly with time. On the other hand, terms corresponding to
difference frequencies significantly different from zero give rise to oscillat-
ing contributions. Obviously, a clear cut separation between the two types
of behavior is only possible if both contributions act on different time
scales. The time scale for the the slowest oscillations is given by 2n/4w,.
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The typical time scale for the linear change of the reduced density matrix
p(¢) is given by the inverse of the “evolution time” 7%, which was intro-
duced in Section 2.8. Starting from Eq. (2.8.11), we define 7§ as the time
interval, which would correspond to a change of order unity of the matrix

element <{a,, A| p’*(¢) |a,, A) with the fastest linear increase, i.e.,

1

“evol sup Z Z rﬁzaiéz(all’ pl ,5,14[’(10) |a,29 p>
T4 (hap,a))e2 | p dia,
with
D={(A ay,a) | A€ Ay, ay,a, =1,...,n%}.
The term |---| specifies the speed of the linear change for the matrix

element <{a,, A| p**(¢,) |a,, A>. Consequently, linear and oscillatory contri-
butions are well distinguished if

2n/ Ao, < 15°. (2.9.4)

This condition is an alternative way to express our initial assumption of
a weak dynamical coupling. Putting the conditions (2.9.2) and (2.9.4)
together we have

T KA <K T Oy <270, << TS
From the definition (2.9.1) it follows that

dDy() _ pa®)=Pults)

dt t—t,

Thus, making use of Eq. (2.9.3), we get from Eq. (2.8.11)

" , _ , ikt
-<al,/1| D) lay, Ay =" Z Iia%dal, pl it (ty) |ah, p) e/ @ees =T,
s e (2.9.5)

For the considered time intervals satisfying the condition (2.9.2), the matrix
elements of p%(#,) on the right-hand side of the relations (2 9.5) can be
replaced by the respective matrix elements of the operator D% (7). We then
get the Redfield equations® !V

- <a1, A DR(@) laz, A) = § 51)211222 <ay, pl Di(?) las, p) ¢/(©hey ~%i),
di -
pae (2.9.6)



410 Reuse et al.

When considering the effects of external forces, it is convenient to
change to a Schrodinger-like picture, in order to get rid of the spurious
time-dependence introduced by the change to the interaction picture. We
then have to consider the evolution of the matrix

Dy(7) = e /DI (7) e +iHallh, (2.9.7)

From Eq. (2.9.6) we find
d -
Pri ay, Al Dg(¥) |ay, 47

<a1,/1| [Dr(D), Hyllaz, A>+ Y, Thaeda), p| Dr(?) las, p).
#r41:9) (2.9.8)

The above “master equations” Eq. (2.9.6) or Eq. (2.9.8) govern the
coarse grained evolution of the time-averaged reduced density matrix of the
subsystem A interacting with the bath B, where the subsystems 4 and B
represent parts of a fermionic system. It should be noted that, as a direct
consequence of Eq. (2.2.14), the matrices D%(7¥) and Dg(7) are block-
diagonal with respect to the type 4. Dynamical coupling between different
diagonal blocks A and p is generated by the bath subsystem B through
the coefficients I'% 21‘;2 Consequently, Eqgs. (2.9.6) and (2.9.8) constitute
systems of coupled master equations.

In many situations the oscillatory contributions to the Redfield equa-
tions (2.9.6) are irrelevant. Then the evolution of the time-averaged density
matrix becomes Markovian, i.e., we get

d -
CTZ<a1,A| Dl(t)|a232>= Z 517213122(“1, pl Dl(t)lab P>

A

o’ —
{p. a, &3 |oga, = 04a, } (299)

In order to simplify our terminology, we will from now on refer to these
equations as the master equations governing the Markovian coarse-grained
evolution or the Markovian master equations. Switching to the Schrodinger
picture, we get in full analogy with Eqgs. (2.9.7) and (2.9.8)

D(f) — e—iI?Ai/th(f) e-H'I-_IAf/h
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and
d _ i - =
P {ay, Al D(%) |ay, 4) = 7 {ay, A [D(?), H ] |ay, )

+ Z ﬁ,211222<a15p|D(t)|a27p>

A A

{p,a’l,a'2|w£rlz'2=a)a1a2} (2910)

In Section 3 we will discuss the Markovian master equations (2.9.9)
and (2.9.10) for the particular situation, where the physical system is
provided by N electrons. We will see that in this situation the spin part of
the electrons takes the part of the subsystem A, whereas the spatial degrees
of freedom, i.e., positions and momenta, take the part of the subsystem B.
Furthermore, there is a one-to-one correspondence between the type A and
the quantum number specifying the total spin of the electrons.

The master equations (2.9.6) and (2.9.9) show that the evolution of the
subsystem A associated with the internal degrees of freedom is determined
by the coefficients 1'% %1% . In the following we will focus on the structure of

Aaja,

these coefficients and on their physical interpretation.

2.10. Structure of the Master Equations

In this subsection we will rearrange the master equations (2.9.9) to
obtain a better understanding of the physical mechanisms, which govern
the Markovian coarse grained evolution of a subsystem A4 of a fermionic
system. This evolution is of course completely determined by the coeffi-
cients I Zl‘;z In fact, due to the restriction of the summation in Eq. (2.9.9)
we need only to consider the coefficients corresponding to w”’ = w?*

dayay aay”
Thus, without loss of generality we can assume

rpos =0 i wll £l

Aaja, a1a2 ayay

(2.10.1)

Starting from the definition (2.8.7), we first rewrite the coefficients as

A
+ lGaza2

rodd —popas ! 5lp(5alal (H?,

Aaja, Aaja,

) (Iiala1 _lGilal) 5a2a'2)
(2.10.2)

aay
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with

paya, __ ppaia paya'| *
FO 192 = F 1L+FM%

Aaja,

7
GA = FMa Flaa *
aa 2 ; ( va"a" + va'a" (2103)

Hl _I_Z(Flaa _Fﬂaa *.

va"a" va"a"

The new coefficients satisfy the symmetry relations

F8%*=r 2% GL*=Gh,  Hi*=Hk. (2104

Aaya, A aza;

From the definition (2.8.8), the symmetry property (2.7.12), the relation
(2.6.24), and exploiting the fact that presently we have w”* = w”% | we get

aya ayay?

oi’Z;Z§=—Z Z 2P (b ] Kay, A AMP |, p)<ab, pl A% |ay, 1)
- (2.10.5)

where

P 1 o
1A (@) = 7 f : P (1) e d. (2.10.6)

Due to the symmetry property (2.7.12) we have also
1P () * = K (). (2.10.7)

This can be used to rewrite the expression for G#,, deﬁned in (2.10.3). For
simplicity, we will assume in the followmg that walaz = w}, is only pos-

sible for a, = a, and a), = a),. For E* = E/,, which then corresponds to our
condition (2.10.1), we get

/]
A Ada
Gl =3 %, Toléie
va'

=-Z ) Z 1 @) a, A A |a", v)<a”, v A |a', 2.
e (2.10.8)
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Again, the definition for HZ, in (2.10.3) becomes for E = E,

Z Y Z T k) a, A A |a”, vy<a”, v A% |a', LY
e (2.10.9)

with
7 (00) = % [ M) e(z) e dr. (2.10.10)

For EZ # E%, we have G%, = H?, = 0.
The function e(7) in Eq. (2.10.10) represents the Heaviside function

1 if >0
e(r) =10 if 7=0 (2.10.11)
-1 if z<0.

Note that, similar to Eq. (2.10.7), the symmetry relation (2.7.12) implies
also that

7 @) = T ). (2.10.12)

The coefficients H?, define a self-adjoint operator acting in the Hilbert

space #,, which will be denoted 4H , in the following. Its matrix elements
in the full space #, read

{a, | dH, |a', py =06,,H ;. (2.10.13)

Since H?, is non-zero only if E* = EZ,, the operator 4H, commutes with
the hamiltonian operator H,, i.e., we have

[H,, 4H,]=0. (2.10.14)

Similarly, based on the coefficients G, defined in Eq. (2.10.6), we can
define self-adjoint operators G, by their matrix elements

Ka, ) G ld, py=15,,Gly. (2.10.15)
The operator G, commutes again with the free hamiltonian operator H,

[A,,G,]=0. (2.10.16)
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In addition, the self-adjoint operator G, is positive, i.e.,
G, >0. (2.10.17)

This is obviously true when all eigenvalues of the matrices G7, are positive
or zero. According to Eq. (2.10.16), the eigenvectors |a, ) of H,, which
span the subspace #,, can be supposed to be simultaneously eigenvectors
of the operator G,. Thus, we have only to prove that the coefficients G,
are positive or zero. Actually, this property is a direct consequence of the
more fundamental fact that the coefficients I" 2““ are real and positive. The
reality of these coefficients is a direct consequence of the symmetry prop-
erties (2.10.4). To prove the positivity, let us first note that the symmetry
properties (2.10.7) imply that the expression

> xR () (x)* (2.10.18)
pop'o’

is real for w € R, Yx* € C, and for arbitrary 5, 1. Moreover, this expression
is positive. In order to prove this, we start from the definition (2.7.11).
According to the commutation relation (2.7.2), the eigenvectors |b, 1> of
the Hamlltoman H, defining the subspace #, are also eigenvectors of the
density matrix %, so that

Hy|b,2y=E}|b, 2y and  p%|b,2)=pi|b, 1>
with
pi>0  and Y i pi=1.
Jedg b=1

Consequently, taking account of the symmetry properties (2.6.25) as well as
of Eq. (2.7.11), we get for the expression (2.10.18)

Tr pOetHBt/thl 71HBr/h Bpl T elwr dT
Tr(—w)f 7 (B™)")

= p—f Y. pi<b, pl B b, Iy<b', 2] (B! |b, p) S(w+ ) >0,
p b b
with the operators

Z xﬂ Z ggwprwl

(B =Y ) g By,

o
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which satisfy the relation
<o, 2 (B! b, py = <b, p| B |p/, 1)*.
Now, putting
xy=<d, p| A% |a, 2y,
which implies also
xy*=<a, A A% |d, p),

we see that the positive expression (2.10.18) agrees with the expression
(2.10.5) for I 2*“ | apart from a factor 1/7. Consequently, we have

I >0, VY(a) and Y(p,a'), (2.10.19)

which implies (2.10.17).
Written in terms of the new coefficients defined in Eq. (2.10.2), the
Markovian master equations (2.9.9) become

dD'(7) R P
77 = L@ (D) +5 (D) (4H, +iG,) —(4H, —iG,) D(7)),
(2.10.20)
where I, denotes the linear mapping
Iy L(Hy) — L(H), (2.10.21)

which transforms a linear operator O of #, into a new linear operator O’
of #, such that

ay, A O'lay, py =6, Y, T'y}de<al, pl Olds, p). (2.10.22)

pard,

It should be recognized that the term I;(D’(f)) plays a rather particular
role in the master equations (2.10.20). This results from the fact that the
time-averaged density matrix D’(7) is block diagonal, whereas I,(D’(7))
is a full matrix! This important feature is a consequence of the indistin-
guishability of the particles constituting the 4+ B system and the related
symmetry properties. Consequently, coupling between different diagonal
blocks is possible only through the term I,(D’(7))! This resembles the
situation of a superselection rule in quantum mechanics, the only difference
being that the quantum states are presently replaced by statistical states.
As will be shown in Section 3, in the case of electrons the types A define
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the total electronic spin. Thus, in a statistical ensemble of electrons, the
total spin S plays a role similar to that of a classical variable. In order
to characterize this particular behavior we may say that in a statistical
ensemble the total electron spin S satisfies a ‘“‘statistical superselection
rule.”

The new form of the master equations (2.10.20) allows us to identify
the different concurring contributions to the evolution of the reduced
density matrix of the subsystem A, which are induced by the interaction
with the bath subsystem B. Formally, the second term describes the effect
of the interaction with an “effective Hamiltonian” AH,+iG,, which is
described by a non-self-adjoint linear operator. The two constituting
operators 4H, and G, being self-adjoint, it is easily seen that both play
completely different roles for the evolution of the subsystem 4. Whereas
the “self-energy operator” AH, just changes the eigenenergies of the sub-
system A, the operator G, gives rise to dissipation. Let us recall that the
“effective Hamiltonian” AH,+iG, does not couple between different sub-
spaces J#%. This type of coupling is only provided by the first term in
Eq. (2.10.20), which describes again dissipative (or irreversible) contribu-
tions to the evolution. The operator I is thus responsible for the transfer
of populations between states corresponding to different quantum numbers A.

Let us now discuss the particular situation of a thermal equilibrium at
a temperature corresponding to f = 1/k,T. From Eq. (2.7.19) we get

0 o0 L PR 4 .
@) =B [ M (e ifif) e dr

pf{ o +ihp
0 R

Wl
= pie i (—w).

lupul(r) e—z(u(z+z}iﬂ) dr

We then find

0 p aa) _p/l Phicw?, Aﬂpﬂl
ppFO a e alal Z Z X o alal)

Aaja,
po pla’

X ay, A A7 |ay, py<ay, pl AP lay, 2)

= plefmlii [ A on

0 p ayd)
The last equality is obtained using the relation —w/’, = w;”,. Finally we
get

phe AL 5k = ple Pl (2.10.23)

0 p aya' "
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Note that the corresponding energies satisfy the relation Ej —E} =
A p
Eal N Eaz : . . . .
For the discussion of the effects of external forces, it is often more
convenient to change to a Schrodinger-like picture. Using the fact that H,
commutes with the operators 4H, and G,, we get from Eq. (2.9.10)

dD(F)
i

= ]"O(D(f))+% [D(F), H,+4H,] —% {D(7), G}, (2.10.24)

where {...,...} denotes the anti-commutator. This equation, together with
the definitions (2.10.5), (2.10.8), and (2.10.9) of the relevant operators I,
G, and 4H,, constitutes the basis for our following discussions. In partic-
ular, it will allow us to investigate the influence of external “forces” on the
subsystem A, provided that the following two conditions are satisfied.
First, one has to ensure that the external “forces” do not act directly on the
bath. Secondly, the time dependence of the external “forces” must be suf-
ficiently slow. More precisely, the change of the external “forces” during a
time interval Az must be negligible on the time scale <. Under the above
two conditions one may describe the external “forces” by adding an addi-
tional hamiltonian-like term H . (7) that is derived from the correspond-
ing H,..(¢) acting in the Hilbert space J#,. The term H, () acting in J#,
can then be obtained by exploiting the homomorphism u, (see Eq. (2.2.19))
as described in Section 2.2. We just recall the commutation relations

[HA ext(t)a UA(S)] = 09 S€ SN7 (21025)

which result from the fermionic character of the system. Moreover,
according to the above remarks, we have

H o () = s (H g oo(7))- (2.10.26)

The resulting equation governing the evolution in the presence of external
forces reads

dD(7)
di

= [D@) + L LD, B+ A, + H, (D))~ (D). G
(2.10.27)

This equation would for example be adequate to describe the effect of an
external magnetic field on the spin dynamics in a molecule with N electrons,
provided that the magnetic field is sufficiently weak, so that its influence on
the spatial degrees of freedom can be neglected.
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3. APPLICATION TO N-ELECTRON SYSTEMS

3.1. Description of the Electronic Spin Subsystem

We now come back to our original problem, which is the description
of the coherent and dissipative spin dynamics in finite N electron systems.
Following the general ideas of Section 2.1, we assume that the spin prop-
erties correspond to the subsystem A4 whereas the bath subsystem B is
associated with the spatial properties. In this case the Hilbert space #,
is given by the tensor product (C?)®" supplied with the scalar product
induced by the usual scalar product in C2 and the non-trivial isotypic
components of J#, are associated with types A=[4,,1,]. It is a well-
known result of the theory of linear representations of the group Sy that
then the isotypic component A coincides with the eigensubspace of spins

S ="2% 50 that

N
A=l h), =348, h=7-5. (3.1.1)

N
2
The corresponding dimensions of the above irreducible representations of A
type of the group Sy are

N!

dl = (il +1—j.2) m
1 A2

(3.1.2)

The proof of the above relations is given in ref. 42. The multiplicity of the
irreducible representation of type A is 2S+1.“Y The type S is associated
with A by Eq. (3.1.1). Thus the vectors |a, 4, i) will be denoted |M, S, i) in
the following, where M = —S, —S+1,...,S and i = 1,..., d,. Moreover, n*
is replaced by n5 =2S+1 with S = N /2, (N—2)/2,...,0 or 1/2, depending
on whether N is even or odd. Here it is important to realize that the vectors
|M, S, i) are not yet known and that they have still to be determined. In
particular, at the present stage the index M just labels the 25+ 1 irreducible
subspaces associated with the type A (or S), and it has yet no physical
interpretation.

Accordingly, the vectors |a, b, 1) of the general theory become
|M, b, S). The subspace generated by |M, b, S) for fixed S, corresponding
to #%, p in Section 2, is denoted #°%, ;. The choice of a basis satisfying
the conditions (2.1.19) and (2.1.27) requires the knowledge of H,, H,,, and
of the density matrix p% describing the statistical equilibrium of the bath
subsystem B. This basis will be determined in Section 3.4. For the moment
it is fully sufficient to suppose the existence of such a basis.
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We describe the interaction between spatial degrees of freedom and
spin degrees of freedom in terms of the spin-orbit like coupling term

N
Hy,=)Y o' ®2(p,...p"; ... q"), (3.1.3)
j=1

where p’ and ¢’ refer to the electronic momentum and position operators,
respectively. For simplicity reasons we include the coupling constant in the
definition of 27(---). The operators ¢’ in Eq. (3.1.3) act in (C?)®%. They
are given by the tensor product

=101 - ®6® --- ®1, (3.1.49)

where o is the spin operator, which is defined as ¢ = (0, 0, 0;), with the
Pauli matrices g;, i =1, 2, 3. In the definition (3.1.4) the spin operator ¢
defines the jth factor, the remaining factors are given by the identity
operator in C2 The Hilbert space #, is supplied by an orthonormal set of
basis vectors. The latter are eigenvectors of the operators ¢ for j=1,..., N
with

%O-{’; |m15---9mN>=mj |m1’---amN> (315)

and m; =+1/2, j=1,..., N. The representation U, of the group Sy in
is generated by

Uy(s) Imy,..., my > = [mg-1qy,..., M-13y >, Vs e Sy, (3.1.6)
which implies that
U, () 6/ =U,(s) 6'U,(s) ' = ¢°? 3.1.7)

for j=1,..., N and for every s € Sy.
The above relations allow us to redraft the general theory in a simpler
and more transparent form. From Eq. (3.1.7) together with

Up(s) B+ ) SU(s) B ) Upls) ' = AO(-)  (3.18)

we see that the interaction term (3.1.3) commutes in fact with the action of
the group Sy in the Hilbert space #, ® 5. Seeking for the decomposition
of the operator H,, corresponding to Eq. (2.1.56), we first decompose the
operators ¢’ acting in #, into their isotypic components %, (). The cor-
respondent projector from #(#,) onto £, () is

du *
RIS AOEAC (3.1.9)

seSy
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With Eq. (3.1.7), and remembering that the characters y,(s) are real, we get

. . d i
¢ =Plel = Fﬂ' Y 2u(s) 6°P, (3.1.10)

seSy

which can be rewritten as

N
=Y ahe" (3.1.11)
n=1
with
. L it u=[N]
ah, = Fﬂ' Z 2u(8) = 5,-,,—% if u=[N-1,1] (3.1.12)
" {seSyls()=n} .
0 otherwise.

This relation is proven in Appendix A. From Egs. (3.1.11) and (3.1.12) we
obtain finally

n=16"/N if u=[N]
¢={c¢/—Y"_  6¢"/N if u=[N-1,1] (3.1.13)
0 otherwise.

The decomposition of the operators 28/(---)
RBH = PLRBI(-- ) (3.1.149)

is found in a similar way. From Eq. (3.1.8) we get

"1 B'(---)/N if u=[N]
BY={ BI(-- )=, B"(---)/N if u=[N—-1,1] (3.1.15)
0 otherwise.

The interaction Hamiltonian H,, (3.1.3) can be decomposed according to
Egs. (2.1.51) and (2.1.56). With Egs. (3.1.11) and (3.1.12) it reduces to

3
Hy, = Y gy HY +gly " UHEY, (3.1.16)
a, f=1
where

N N-1,1] _
g£ﬁ1=g£p ]—(5uﬂ
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and
HY' = M g BV, 3.1.17)
HE = [Z TW-11 @ pUN-L1, (3.1.18)
I=1
with
N 1 X
IM =Y g B[N]=N z B(---), (3.1.19)
n=1 =
N N
Tv-L1 =\/N Z a'c” BIY-111 = Z al B(-- (3.1.20)
n=1 =

and /=1,...,d;y_,1; = N—1. The real coefficients a; define N—1 ortho-
normal basis vectors that span the vector subspace of dimension N —1
corresponding to the isotypic component of type =[N —1, 1]. They thus
satisfy the orthogonality relations

N N
Z a; =0 z ajay =y, (3.1.21)
n=1 n=1

where the first equation is a consequence of the orthogonality of the isotypic
components of types [N —1, 1] and [ N]. Consequently, we have also

ajal’ =0"——. (3.1.22)

The operators V=11 and B =" transform as

din-1,1]

U, (s) SN -117,(5) " = Y EIV-L1gIN-11](5)
dk 1 (3.1.23)
Uy(s) B 2110, (s) ™" = Z B[N L1gIN-11] ()
k=1

After insertion of the definitions (3.1.19) and (3.1.20), and using also
Eq. (3.1.7) we find

N
=)= ¥ ai”aj. (3.1.24)
n=1
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Comparing the decomposition (3.1.16) with the corresponding equation
(2.1.56) of the general theory of Section 2.1, we note that presently only
two isotypic components of types u=[N],[N—1, 1] contribute and that
the operators Hy! and HEY =" replace the operators H; in Eq. (2.1.56).
Further comparison between the definitions (3.1.17), (3.1.18), and (2.1.51)
shows that the operators £ and TV "1, /=1, dy_,;; =N—1 take
the part of the operators A%, [ =1....,d,, whereas the operators B™"1 and
B[" "1 replace the operators B,/ \/dj . Moreover, we note that the indices
o and B in Eq. (2.1.56) correspond to the spatial components of the axial
vectors B and X defined in Egs. (3.1.19) and (3.1.20), and thus we have
presentlya=1,2,3and f=1, 2, 3.

3.2. Electronic Spins and Spatial Rotations

We will now take into account the action of spatial rotations in the
Hilbert space s#; and in ¥(#,). The action in #, of a rotation R(®)
characterized by an axial vector of rotation @ is described by the unitary
operator

V,(®) =exp(—im-S), S=x/2, (3.2.1)

where the self-adjoint operators X["1 are defined in Eq. (3.1.19). Actually,
the correspondence R(®w) — V,(®) defines a unitary ray representation of
the rotation group SO(3) in the group of unitary operators in Z ().
From the above definition and from the commutation relations of the
operators o’ introduced in (3.1.4) we obtain the transformation rules

3
Vi) oV, (o) =Y ojRiw), j=L..,N, (3.2.2)

g=1

where the matrix (R?(®)) describes the rotation in cartesian coordinates.
With the definitions (3.1.19) and (3.1.20) we get

(3.2.3)

3
Vi) 24V (@) =Y, Z;IRf(m), I=1,..,d,.
=1
Equations (3.2.2) and (3.2.3) describe the action of the rotation group on
the operators X{. They play a similar role as the relations (3.1.23). Now,
according to Eq. (3.1.7) and to the definition (3.1.19), the unitary operators
U,(s), s € Sy commute with the generators S. Therefore the representations
of the group Sy and of the rotation group in .#(s#,) commute, i.e.,

[Vi(®),Uy(s)]=0, Vo, s. 3.24)
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These commutation relations imply that the operator V,(®) commutes also
with the partially isometric operators P%, given by Eq. (2.1.20). For our
convenience, we will from now on use the relation (3.1.1) to switch between
the two notations A « S associated with the group Sy. Thus, each subspace
#S. generated by the vectors |M, S, i, M = —S,..., +S for fixed S and i, is
invariant with respect to the representation V,(®) of the rotation group, so
that

Vo) #5 =A%, Vo,S,i (3.2.5)
According to Eq. (2.1.25), which reads in the new notation
Piik |Ma Sa k>=|Ms S: l>9 (326)

we have

Vo) |M,S,iy= i M, S, i) ryp (o), 3.2.7)

M=-s

where r5,,,(®) are the matrix elements of a standard representation of the

rotation group of type S. Their elements are independent of i = 1,..., d;.
For our further considerations, it is convenient to introduce the direct

product G of the permutation group S, and the group of rotations SO(3)

G =Sy xSO0(3). (3.2.8)

The correspondence
Wi:Ga(s,0)—U(s) V,(0) =W,(s, ®) (3.2.9)
defines a unitary ray representation of the group G in £ (#,). Clearly, the

isotypic components #5 of #, relatively to U, and V, are also irreducible
with respect to the representation W, of G. Thus we can write

d

2 S
WA(S’ ('0) |M’ Sa l> = Z Z DfM',i’)(M, i)(sa (0) |M’9 S, l,> (3210)
S

i'=1 M'=—

The coefficients

Disw, vy, (8, @) = d () i 2 () (3.2.11)
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denote the matrix elements of the irreducible representation of G carried by
the isotypic component #5. We now have the transformation rules

3
W,(s, ®) aiW,(s, ) =Y o}’ Ri(w), (3.2.12)
f=1
and consequently
d, 3
Wi(s, @) ZhWu(s,0) ' = Y Y Thdli(s) Rie).  (32.13)
k=1 f=1

The operators 2% for fixed x4 are the components of an irreducible tensor
operator of type (u, 1) with respect to the representation W, of G. Using
the Wigner-Eckart theorem, we can write the matrix element of these
operators as

ay
M, S' 1| 28 IML S, iy =Y, el Coane <STIEX IS, (3214
y=1

In this expression, the symbols ¢4} .”, denote the Clebsch-Gordan coeffi-
cients associated with the decomposition of the tensor product of irreduc-
ible representations of Sy of types A and u. Let us recall that the types 4, A’
are associated with S, S” according to Eq. (3.1.1), and that the multiplicity
of the irreducible components of type A’ in the above tensor product of
representations is given by a,. The symbols C.55 denote the Clebsch—
Gordan coefficients associated with the decomposition of the tensor
product of the irreducible ray representations of SO(3) of types S and 1.
As a direct consequence of Eq. (3.2.14), we obtain the selection rule

(M, S, i) 25 M, S,iY=0 if |[S—S|>1 orif §=5=0. (3.2.15

3.3. Decomposition of the Interaction Hamiltonian

We search for the correspondent of the decomposition (2.6.26) of the
interaction operator H,,. Exploiting the isomorphism (2.6.19), we will
describe the action of H,,, in the space

@ 7o #l.

Aedyp



Coherent and Dissipative Spin Dynamics in N-Electron Systems 425

The operator H,, is presently given by Eqgs. (3.1.16)—(3.1.18). Expressed in
the form of Eq. (2.1.56), it reads

H, =HN + N1 (3.3.1)

int int

where the operators H!¥! and HV "' are given by

mt int

HID =Y xM g BM (33.2)
and
d[N—-1,1]
Hﬂ_l’l] — Z Z Eg{zv—l,l] ®B£§V_1’1]. (3.3.3)
I=1 a

Equations (3.3.2) and (3.3.3) are a convenient starting point to calculate
the matrix elements (M, b, S| H,, |M’, b', S">. For the operators HY! the
result is immediate. In this case, the operators [ and B}"! commute with
the unitary representation U, and Uy of Sy in the corresponding Hilbert
spaces #, and s, and the calculation of the reduced matrix elements of
these operators relatively to the action of the group S, becomes trivial. We

obtain

<M9 Sa ll ZELN] |M,9 S’s l,> = 5SS'5ii'<M’ S” ZEN] ”M,’ S>5

334

Kb, S, k| B |b', 8", k'Y = 555014 <b, S| BYT |17, S. (334

In the last equation, S denotes the dual 1 of the type A, which is related
with the spin S via the correspondence (3.1.1).

We are now in the position to write the corresponding of the expres-
sion (2.6.12) for H}). Presently, 4= [N] corresponds to the trivial repre-
sentation of Sy, and a; = b; = 1, the type A corresponding to S. The coef-
ficient %" in Eq. (2.6.12) is then replaced by dgy, and the summation
indices y and J can be omitted. We thus find

(M, b,S|HY M, b, 8"y =630 <M, S| ZENV | M, S)<b, S| BY b, S.
(3.3.5)

We note that the interaction terms H[J’ cannot generate a change of the
total spin of the subsystem A. -
The correspondents of the operators A and B*; defined in Egs. (2.6.22)

and (2.6.23) will be replaced by X5 and BIMIS'/./d,, respectively.
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According to their definitions, the matrix elements of X5 and Bj"¥
read

(M, S| 2 M, 8Ty =<M, S| 2N M, 87,
3 3 3 3 (3.3.6)
(b, S| BSMS b, 87y = <b, 8| B b, 8.

As an immediate consequence of Eq. (3.2.14), the reduced matrix elements
can be written as

(M SIEPV M, 8" = Co s a<SIEPTIS™. (3.3.7)

Here Cl 5. 5 denotes the Clebsch-Gordan coefficients associated with the
rotation group, and (S| Z||S’> denotes the reduced matrix elements
with respect to the action of the full group G = Sy x SO(3).

The handling of the operators HLY~"' is somewhat more compli-
cated. To discuss the matrix elements of these terms, we have first to
determine the selection rules for the irreducible tensor operators XIV-"1
defined in Eq. (3.1.20). Some of them are already provided by Eq. (3.2.15).
However, to get more insight of the situation we have to determine the
Clebsch—Gordan series corresponding to the tensor product of the irreduc-
ible representations of types [N—1,1] and [N/2+S, N/2—S] of the
group Sy

DIN-1L11 g pIN/2+8,N/2-51 _ @ a,D™. (3.3.8)
7

The multiplicities of the irreducible representations of type A’ contributing
to the decomposition are denoted a, . Since presently we only need to con-
sider irreducible representations of types A'=[N/2+S',N/2—S'], we
have to evaluate

1
AIN/2+S,N/2-8'] = N z X[N/2+S", N/Z—S’](S)* A[N-1, 1](S) X[N/2+8,N/2—5] ().

i (3.3.9)
In Appendix B it is shown that

1 if |S—8|<1 andif (S',S)#(N/2,N/2)

QN o N_gp =
[3+8,5-51 {0 otherwise. (3.3.10)
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We thus see that the multiplicity ay,s ¥ gy cannot exceed 1. Conse-
quently, we get from the Wigner—Eckart theorem

M, S i| ZR ML S iy = N M, S| EN T M, ST,
(3.3.11)

where the prefactor ¢V "14* denotes the Clebsch-Gordan coefficients
associated with the decomposmon (3.3.8). In analogy with Eq. (3.3.7) we
have

(M, SIEFTT MY, S = Co i ST Z - TIS™, (3.3.12)

where (S| 11 ||S"> denotes the reduced matrix elements with respect
to the action of the full group G = Sy x SO(3).

Similar results can be derived for the operators BjY~"'. Exploiting
the irreducible tensor character of these operators, we find from the
Wigner-Eckart theorem

b, S, K| BRI b, 8 Ky = ¢V 2k, I BT 5, 8. (3.3.13)

V=LY corre-

In the above expression, the Clebsch—Gordan coefficient ¢
sponds to the decomposition

DW-L1g D =P b,D®, (3.3.14)
=

where 1 is dual with respect to the type A = [5+S,5—S7]. Actually, since
x1(s) =0a(s) ;(s),  VseSy,
we have
by =a,, VA (3.3.15)

We are now in the position to specify the correspondent of the relation
(2.6.12) for the operators HLj "1 It reads

(M, b, S| HE1 M, b, 8"
= gos <M, S| ZV "1 || M7, 87 )<b, S| B 21 |16, 87, (3.3.16)

where

/1
/1/1 N e Tu 7 /1/1
8ss = Z Z Z ciitiled i(z nCikGoCry [1 . (3.3.17)

i,j=1 i',j=1 k=1
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replaces the coefficients 2% of Eq. (2.6.18). Presently, the indices y (= 1),
d(=1),and u (=[N—1,1]) are fixed. They will be omitted in the follow-
ing. The other parameters are

A=[N/2+S,N/2—S]  X=[N/2+S,N/2—5']
dlzdz dllzd}:l.

The correspondents of the operators A% and B%/ \/dj for pu=
[N—1,1] defined in Egs. (2.6.22) and (2.6.23) will be denoted X7tV ~"1%
and BV~ 111¥ respectively. From the definitions we get immediately

(M, S| ZFNIT MY, ST =M, S| 2T M, ST,

~ , ~ N - (3.3.18)
<b, S| BRI |, 87y = (b, S| BT 1, 8.
Summarizing our results, and taking into account the definitions (3.3.6)
and (3.3.18), we get finally for the block operators H55

3
HY =Y, G5 230 @ BIMS 4 g5 220015 @ BIV119), - (33.19)
=1

it
o

where we have implicitly used the isomorphism (2.6.19) between #°%, ; and
the tensor product #5 ® #5.

To complete the above result, we still mention some direct conse-
quences of Eq. (3.2.15), which are obtained using the definitions (3.3.6) and
(3.3.11). We have

2SIVIS = if S#5, (3.3.20)
and for u # [N]
5 =0 if |S=S'>1, (3.3.21)
and consequently,
HY =0 if |S—S'|>1, (3.3.22)

i.e., the interaction couples only between states with total spins differing at
most by 1.

3.4. Polarization of the Spin Subsystem

Following the general ideas of Section 2.7, we will now discuss the
influence of the subsystem B on the spin-system A. According to our
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general assumptions, the subsystem B, which presently represents the
spatial degrees of freedom of the electrons, fluctuates around a given
statistical equilibrium. The latter is described by a density matrix pj
composed of blocks p35°, each block p3° satisfying the commutation rela-
tions (2.7.2). In Section 2.7 we have already shown that the first-order
contribution of the interaction between both subsystems gives rise to a
polarization of the spin system A. It corresponds to the presence of a time-
independent external force, the latter being determined by the mean values
(2.7.6). Presently, Eq. (2.7.6) reads

psiso _ 123" BY°)
Tr(p3")

% with u=[N],[N-1,1]. 34.1)
Comparing the expressions (3.3.19) and (2.6.31) we see that we have now

S[N1S’
goqg 19 = 5SS'5oLﬂ5

S[N—1,118"

8up = gSS’éaﬂa

so that the Hamiltonian (2.7.5) describing the dynamical effect of this force
on the spin system 4 becomes in the Schrodinger picture

ﬁi pol = Z (bf[N]SOZi[N]S +gssbf[N_l' 1]§02§[N—1, 1]s). (3.4.2)

From the definitions (3.3.6), (3.3.18) and the relations (3.3.7), (3.3.12) we
get

ZSIN-L1S ¢ N 5 SINIS (3.4.3)
with the numerical factor
S EW-RUIS)
N _ =/ 34.4
75 = sIEsy (49
Accordingly, we may write
3
Flipol = Z QS 3SINIS (3.4.5)
a=1

where

Q7 =350 g fBIV RIS, (3.4.6)
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The above operators H po are the constituents of the hamiltonian
term H , pol acting in #,. The operator H , pot 18 diagonal with respect to
the total spin S, i.e., it has a block structure. In Section 2.7 we have shown
that there is a one-to-one correspondence between H oot and the Hamil-
tonian H, ,, acting in 2, both being related by the mapping (2.2.18)

uy(Hy pol) = HA pol- (3.4.7)
‘We have further seen that the Hamiltonian H, governing the free evolution
of the subsystem A can be redefined to include the polarization due to the

subsystem B. Since presently our initial Hamiltonian H, is trivial, the new
Hamiltonian, which will again be denoted H, is

Hy=u ' (A,) with Hy=H,,. (3.4.8)

We note that both, A, and H,, are completely determined by Eq. (3.3.2).
The redefined interaction term now reads

I{mt HA pol ® 1]B'

It will again be denoted H,, in the following. We further make the repla-
cement

B —b%5 015055 — B (3:4.9)

for u=[N] and [N —1, 1], which does of course not affect the validity of
the expressions (3.3.19). After the above redefinitions, we get

Tr(p5°B'55(1)) =0, (3.4.10)
which is the correspondent of Eq. (2.7.8).
Thus prepared, we can now specify the basis vectors |M,S,i).

According to our conventions expressed in Egs. (2.1.19) and (2.1.27), we
have

U,(s) M, S, i>= Z IM, S, k> d2,(s) (3.4.11)

and

H,|M,S,i>=ES |M,S,i> (3.4.12)
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with A=[N/2+S, N/2—S]. The spin Hamiltonian H, defined in (3.4.8),
which governs the free evolution of the spin system, corresponds to the
diagonal block operators

3
AS=Y QSzsms, (3.4.13)
a=1

where the parameters Q° are defined in Eq. (3.4.6).

Thus prepared, we now look for the solution of Eq. (3.4.12), where the
spin Hamiltonian A% is given by Eq. (3.4.13). For convenience, we first
perform a rotation such that the vector Q5 coincides with the z-axis.
According to Eq. (3.2.1), the action of a rotation corresponding to an axial
rotation vector ® in #5 is described by

VS (%) = exp(—ionS-S55) (3.4.14)
with
05 05=0, ©5e=0, and R%)Q =[Qe, (G415

where S5 is the operator S (3.2.1) restricted to the subspace of the irreduc-
ible representation of type S. These operators are the irreducible generators
of a representation of the rotation group with the dimension 2S5+ 1. We
have

Vi(0®) BV i(e%) ™ = Q5] 255, (3.4.16)
The eigenvalues of the operator H% are thus non-degenerate and real.

According to Eq. (3.4.16), they are directly related with the eigenvalues of
X5NIS "and we have

ES, =2M|Q5, M=-S,..,+S. (3.4.17)

Similarly, as can be seen from Eq. (3.4.16), the corresponding eigenvectors
of HY in the unrotated system % satisfy the relation

M, S>=V5(0%)"|M,S, 1), (3.4.18)
where

ZSINIS ML S, 1> =2M | M, S, 1. (3.4.19)
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Finally, the whole set of basis vectors |M, S, i) may be generated from the
vectors |M, S, 1) using the correspondents of the partially isometric opera-
tors (2.1.20) in Eq. (2.1.26)

PS5, 1M, S, 1)=|M,S,i). (3.4.20)

We are now in the position to complete the selection rules (3.3.20) and
(3.3.21). From Eq. (3.4.19), the relations (3.2.14), and the well-known
properties of the Clebsch—Gordan coefficients associated with the group of
rotations we obtain

M, S, i X4 |M,S,iy=0 if [M—M'|>1. (3.4.21)
Together with the definitions (3.3.6) and (3.3.11) we get the selection rules
(M, S| X5 | M',S>=0 if |M—M'|>1, (3.4.22)

which hold for any u.

3.5. Master Equations

We now come back to the Markovian master equations (2.9.9), which
are determined by the coefficients 4 f,’llf}z. Adopting the notation based on
the bijective correspondence (3.1.1) between the total spin S and the type 4
of the irreducible representations, the expression (2.10.2) for these coeffi-
cients reads

ity =T o saryo;

i . .
+ﬁ (533'(5M,M'1 (Hiszz + lGiszz) - (HillM’l - lGifllM’l) 5M2M'2 )
(3.5

In Section 2.10 we have already seen that I'% “’1“'22 can be set to zero when

aa

the transition energies are different. Thus, as in Eq. (2.10.1), we may
assume

Fﬁ%ﬁ% =0 if willflz # a)iljlz (3.5.2)

Equation (3.4.17) yields

2
Oy v, = # 19%1 (M, — M), (3.5.3)
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and Eq. (2.10.5) becomes

MM,
FOSMlMZZ =z Z Z Xsoflsfs(wM Ml)
po plol

X <M19 Sl ZS;LH,S, |M’1, S,><M’25 S'l ES;”S |M25 S>’ (354)

where
- 1 reo
11 (@) =+ j SIS (2) " dt (3.5.5)
with
o o T P OBIS,uS t BIS,uS t!/
sy gy T8 BESW) B @) 556
Tr(p3°)
In accordance with Eq. (2.10.7), the susceptibility satisfies
2 (@) = 17 (o). (3.5.7)

As before, the types u or ¢’ can be identified with the partitions [ N] and
[N—1,1]. Now, from Eq. (3.3.20) we know that

ZSINIS _ 0 if S£S. (3.5.8)

Moreover, inserting the definitions (3.3.18) into the relation (3.3.12), we
have already seen that

ZSIN-L1IS — ¥ 3SINIS (3.5.9)
where the numerical factor f§ is given by Eq. (3.4.4). Thus, evaluating
Eq. (3.5.4) for S = S’, we obtain

SM; M;
FOSMIIMZZZ_ Z Xown(wMMl)
otot—l

X <M1’ Sl Zf'[N]S |M’19 S><M,27 SI Ei[N]S |M29 S>7 (3510)

where

X (CO) XS[N]S[N]S(CO)+f (XS[N]S[N 1, l]S(a))_'_XS[N 1, l]S[N]S(a)))

F(fY)2 SV -L1SIN-L 1S (5 (3.5.11)
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The factor £ being real, Eq. (3.5.7) implies also that
K (@)™ = Yo (). (3.5.12)
From the properties (3.4.22) we find that
Ty =0 if [M—Mj|>1 or |M,—Mj>1. (3.5.13)

Similarly, we get for S # S’

SMIM, SGe)(
FOSMMZZ ﬁ Z X ool MMl)

a0 =1

X <M1: Sl Zf’[N_l’l]S, |M’1: S’><M’2’ Sll ESV[N_I’I]S |M2’ S>:

(3.5.14)
where we have introduced the short-hand notation
2o (@) = xSRI () (3.5.15)
for 8" =S+ 1. By virtue of Eq. (3.5.7) we have
13 () * = x5 (w). (3.5.16)
From the properties (3.2.15) we further get that
Foia’flﬂ’f; =0 if |S—-S8'>1. 3.5.17)

Let us now have a look at the matrix elements of the operators G,
and 4H, introduced in Section 2.10. From the definition (2.10.15) we get
immediately that the matrix elements of G, are equal to zero for states with
different spins. Moreover, according to Eq. (2.10.1) and to the definition
(2.10.3), they are also zero for states with different energies. We thus have

G =0 if w33, #0, (3.5.18)

and otherwise, for S > 1,

I s s—1 S+1
s _ SM'M SM'M SM'M
Gy = 5 z I sy + z I'osZ v + z I'ysiiveu |-
M'=-8

M'=—S+1 M =—-5-1

(3.5.19)

Similar relations hold for the matrix elements of the operator 4H, defined
by Eq. (2.10.13). From the definitions (2.10.1) and (2.10.3) it is easily seen
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that they are zero for states with different spins as well as for states with
different energies, i.e., we have in particular

HS,, =0 if oS5 #0, (3.5.20)

and otherwise, by virtue of Egs. (2.10.9) and (3.5.4),
Hiw==2 ¥ ¥ 2ES (@heier)
wo' S"M"

x (M, S| ZSS" |M", S"S(M”, S"| ZSHS MY, Sy, (3.5.21)

where 7%5%#S(w) is the Fourier transform of e(r) ¢55#3(z), the function

eSS (r) being defined by Eq. (3.5.6). As we have seen before, the types
U and 4 can be identified with the partitions [N] and [N—1, 1]. In this
particular situation we have also

TS (w)* = 7515 (). (3.5.22)

Taking account of the properties (3.5.8) and (3.5.9), the matrix elements
H5,,, can be written as

Hipny =HQo +HG S +HGY (3.5.23)

3
I P L

x (M, S| zifms |M", SS(M", S| Z5VIS |A7, S, (3.5.24)

3 s"
H@RS==4 Y Y 7N

=1 M'=-S"
X <M, Sl ZSUEN—I,l]S” |M”, S”><M", S//| Zi”[N—l,l]S |M/, S>,
(3.5.25)
and S” =S+1. In the above expressions we have introduced the short-
hand notations
7O () = 7NN (g9) 4 f§ (TSN 115 (g9) + 5N 1 1SINIS ()
+(fs )2 —§[N—'1, l]S[N—l,l]S(a)) (3.5.26)

and

7(£)S

s a(w) XS[N 1,118 [N-1, l]S(a))’ S"=S+1. (3527)
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According to Eq. (3.5.22) we have

103 @)* =705 (),

(3.5.28)
(+)S(w)* _ X(+)S(w)

We are now prepared to discuss the Markovian master equations
governing the evolution of the spin system. The general form of these
equations in the Schrodinger picture is given by the relation (2.10.27).
Presently, the time averaged density matrix D(7) consists of diagonal
blocks D3, (7) acting in #%. The operators 4H, and G, have the same
structure. The diagonal blocks AHYS are determined by the relations
(3.5.21) for the matrix elements. Similarly, the diagonal blocks G¥ are
obtained from Eq. (3.5.19). Exploiting this block structure, the master
equations (2.10.27) can be rewritten in the more explicit form

dD¥T) i oo ms  ms | gs (r
di( )=%[DS(Z), H5+4HS + HY ()]

1 o =
+IYDD) 5 (D). G3)
+I5(DST(E))+ I3 (D57(1)), (3.5.29)
where the mappings

I'S: P(H5) — L(FS)

(3.5.30)
IS L(AE) — L(H5)
are defined according to Eqgs. (2.10.21) and (2.10.22),
- s SMM; -
Fg(DS(t))MlMZ = ) Z Iy sy MZZDS(t)M’lM'Za
e (3.5.31)
FLD O, = % T b D Oaryary-

My, M, =—(S+1)

Clearly, in Eq. (3.5.29) D5(#) denotes the block operator associated with
the subspace 5. The first term, given by the commutator on the right-
hand side, describes the reversible part of the evolution. The free Hamilto-
nian A% is modified by the self-energy AH*, which is due to the interaction
with the bath. The term HY ., describes the effect of an external force. It
was already discussed at the end of Section 2.10. Presently we will consider
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the situation where the external force corresponds to a spatially uniform
magnetic field slowly varying with time. This is adequate to describe an
electromagnetic field in the limit of long wavelengths. In this case the
external Hamiltonian reads

H (D) = —g%B(i) LESIVIS, (3.5.32)

where B(7) denotes the external magnetic field, g is a coupling constant,
and pup = efi/2m is the magnetic moment of the electron. The terms of the
second line in Eq. (3.5.29) represent the dissipative effect of the bath on the
“states” of spin S. The two terms of the third line describe the transfer
driven between a ‘“state” with spin .S and “states” of spins S+1 and S—1,
which is induced by the interaction of the spin subsystem with the bath.

Let us now briefly discuss the particular situation, where the statistical
equilibrium of the bath is described by the canonical ensemble for a fixed
temperature 7. From the general results presented in Section 2.7 we know
already that

Pre I S = e S, (53
where
0 1 —pis
= — Tr(e#7») (3.5.34)
B

denotes the probability of the bath to be in a statistical state compatible
with the spin S. From the above relation we get the important results

—BES,, S MMy __ —BES S MyM,
e MIFOSMIMZ =e MIFOSM’ZM’l (3535)
and
0 —BESTY  S+1M\My _ 0 —BES S M,M,
Psrie "M " i = Pse M g sy - (3.5.36)

We now return to the general discussion of the Markovian master
equation (3.5.29). According to Eq. (2.10.14), the self-energy hamiltonian
term commutes with H,. Therefore, this term can be included in the free
Hamiltonian H,. It can formally be removed from Eq. (3.5.29), provided
that this self-energy term does not affect the change from the Schrédinger
picture to the interaction picture. This is the case in most situations of
physical interest. We further suppose that the term ||Q5| in Eq. (3.5.3)
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differs for different S. Under this assumption the energy levels of the
unperturbed spin system satisfy the conditions

S=S"and M,—M,=M,—M,
Wb, = Oipae,  if and only if or
S#S" and M, =M, and M| = M.
(3.5.37)
Now, condition (3.5.20) implies that the self-energy term, which according
to the commutation relation (2.10.14) can only couple between states

having the same total spin S, just changes the energy levels of the Hamil-
tonian H, according to

(H,+AH,) |M, S> = (ES, + AES,) M, S). (3.5.38)

The master equations (3.5.29) determine in particular the evolution of
the diagonal elements of the density matrix

() = D3 (D), (3.5.39)

which are usually referred to as “populations.” Together with the condi-
tions (3.5.37) we obtain

dps (D) _ M e s o pees s
Y= Y S (D= Sepi(®)
M=M-1

S+1
+ Y (Wi O 5 p (@)
M =—(S+1)

s—1
+ Y (el @) =5 pau()
M =—(5—1)
_i{()’g}—)s(f) DilM+1(i)_y§1;—lf(i) Dil—lM(f))
— (5250 Do (D =55 (0) Dy (D)} (3.5.40)

with

TS =TS, (3.5.41)
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which are real numbers according to Egs. (2.10.19). The coefficients

750) = g A2 (M £1, S| BE)- £ M, )

=g§—2JS<S+ D—M(M+1) (B(7) FiBy(7)) (3.542)

are associated with the external Hamiltonian, Eq. (3.5.32). They satisfy the
symmetry relations

yi0 S (D) * =y (@) (3.5.43)

Equations (3.5.40) govern the evolution of the spin populations. The first
sum on the right-hand side describes the population transfer between states
of the same total spin S but with M’ = M +1. The second and the third
sums describe the population transfer between the state |S, M) and the
states |[S+1, M'). The last two lines depending on y$f’¥(7) account for the
influence of the external magnetic field B(7) on the evolution of the popu-
lations. We note that they introduce a coupling between the diagonal and
the off-diagonal matrix elements of the density matrix D5(7). These off-
diagonal elements are also often denoted “coherences.”

In the particular situation, where the statistical equilibrium of the bath
subsystem is given by the canonical ensemble corresponding to a tempera-
ture T > 0, the resulting statistical equilibrium of the spin subsystem satis-
fies the detailed-balance relations. Actually, referring to the relations
(3.5.33) we have

Pore it 2% =Pose L 312 rs (3.5.44)
with
S
Pos =5 DPse PEn (3.5.45)

and

Z,=Y psZ5 with Z5= Y e (3.5.46)
S

M=-S
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We now return to the general case. From Eq. (3.5.40) we can derive
the equations governing the evolution of the populations for a given total
spin S

N
»’O= Y pS(. (3.547)
M=-5
We get
0 _ N peesgng -y
o= X DR O— Y T @)
M'=—(S+1) M =-§
s—1 _ S -
+ Y TETRED- Y TTpR(@ (3548)
M ==(s—1) M =-8
with
" S, 4
rses =Y rss,. (3.5.49)
M=-§

The equations governing the evolution of the non-diagonal elements of the
density matrix, the so-called “ coherences,” read

d . , _

7 DilM (@)= __(G M+G}S;4'M'+Z(Ei4_ESM')+F0§%%')Di{M'(t)
+F0§AA;M1M ‘D5, 1M'—1(f)+ro§%1t+41M+lDS 1)
+i(yR (@) =725 (@) Dy (7)
—i{ (75 (@) Dipar 11 (D) =7525(F) D130 (D))
_(VM (t)DM+1M(t) sz)s(t)DMM 1(0)} (3.5.50)

for M # M’, and where

yOS(F) = g <M S|B(F)- T8 |, S5 = ¢ X2 MB,(7).  (3.5.51)

n

Let us briefly discuss the role of the different terms on the right-hand side
of Eq. (3.5.50). The first line contains the self-interaction of D3, (7) to the
coherent as well as to the dissipative evolution. The second line accounts
for the coupling with the other coherences corresponding to the same S and
the same difference of the M values. The last three lines describe the addi-
tional couplings in presence of an external magnetic field.
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Inspection of the above equations shows that populations and
coherences are not coupled in absence of an external time-dependent mag-
netic field B(¢). This rather particular feature is a consequence of the
assumptions (3.5.37), which exclude accidental degeneracies between the
energy levels. It suggests that the evolution of a fermionic system may be
drastically changed in presence of a slowly time-varying electromagnetic
field.

Eq. (3.5.50) further shows that the coherences within a given block S
do not couple directly with the coherences associated with other spin
values. In this case we have a coupling between the coherences and the
populations belonging to the same spin .S, which is described by the term
{---} in Eq. (3.5.50). These populations are themselves coupled to the
populations corresponding to other spin values S’ by virtue of the second
and the third term in Eq. (3.5.40).

Coupling between blocks corresponding to different total spins is
only provided by the coefficients I", 51’ p3y on the right-hand side of
Eq. (3.5.40). Thus, these terms are the only responsible for the spin relaxa-
tion of the system. We also note that, according to Eq. (3.5.17), only adja-
cent blocks S and S’ with §" =S+ 1 are coupled.

4, SUMMARY AND CONCLUSIONS

We have presented a quantum statistical description of the ensemble-
averaged coarse grained evolution of the electronic spin properties in
N-electron systems embedded in a statistical environment. Let us here
recall the principal physical ideas and assumptions underlying our
approach. Starting from the fact that any quantum system of identical
particles is characterized by its spatial and internal properties, we have
introduced the Hilbert space # = #, ® #;, where #, and #; describe the
internal and the spatial properties, respectively. The Hilbert space for a
N-fermion system is then provided by 4, 5, the subspace of antisymmetric
tensors in J#. The statistical evolution of an ensemble of N-fermion
systems was obtained from the time-dependence of the associated density
matrix. In order to determine its temporal behavior we had to delimit the
considered physical situation. Thus, we have supposed that the considered
system is quasi-degenerate with respect to changes of the internal proper-
ties, so that changes of the internal properties are possible with only small
changes of the energy of the N-fermion system. The bath was associated
with the spatial degrees of freedom. Due to the symmetry properties
induced by the indistinguishability of the electrons, the properties of the
subsystem A are described by the Hilbert subspaces /%, which are strictly
included in 2%, rather than in the factor subspace 2#,. We have shown
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that the standard quantum statistical approach can be adapted to this
situation. Following this approach, we have obtained the coupled Marko-
vian master equations (2.10.20). These equations can be generalized to
cover the evolution in presence of external forces, provided that the latter
can be considered to be constant on a time scale of the order of 7 (see
Eq. (2.10.27)).

The above results of Section 2 were obtained without referring to a
particular subspace 5, i.e., they apply to arbitrary fermions. In Section 3
we have considered the particular situation of N-electron systems, which is
clearly the most interesting from the physical point of view. In this case, the
internal fermionic properties are represented by the electronic spins, the
Hilbert space #, is given by the tensor product (C?)®”, and the total spin
S labels the irreducible representations of the permutation group carried by
#,. We have shown that the time-averaged density matrix describing the
evolution of the spin subsystem remains block-diagonal, each single block
corresponding to a different total spin S. Consequently, a statistical state
describing the spin subsystem is always compatible with the other observ-
ables associated with this subsystem. Accordingly, the total spin in a
quantum statistical ensemble gets a status similar to that of a classical
observable. We have expressed this feature by saying that the total electron
spin S satisfies a * statistical superselection rule.”

In Section 3.3 we have shown that the interaction operator couples
only between blocks corresponding to total spins S and S’ differing at most
by 1. The first-order interaction terms give rise to a polarization of the spin
subsystem. Thus, similar to the effect of a time-independent external force,
the interaction with the bath leads to a fine-structure splitting. For conve-
nience, we have included the first-order terms in the Hamiltonian H,
describing the internal degrees of freedom. Exploiting the fact that the total-
spin operator generates the representation of the spatial rotations in 5,
we have obtained the required explicit basis in J#,, by diagonalizing the
redefined Hamiltonian H,. Following the general approach of Section 2,
we have then obtained the Markovian master equations (3.5.29), which
describe the evolution of the spin subsystem. Analysis of these equations
shows that the above-mentioned restricted coupling of the interaction
Hamiltonian between blocks associated with different total spins S puts
severe constraints on the evolution of the spin subsystem. In fact, we can
distinguish between three different types of evolution, (i) a reversible
evolution involving the electronic states associated with a given total spin S,
(ii) an irreversible evolution among the same states, and (iii) an irreversible
evolution corresponding to changes of the total spin S in steps of 1 and
arbitrary changes of the magnetic numbers M. We find in particular that
global changes of the total spin S are always irreversible. The evolution of
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the electronic spin properties may thus be described as an irreversible
cascade process with steps 4S5 = 1. We expect different kinds of behavior,
depending on the relative importance of the three types of contribution.
The evolution (3.5.29) is determined by the coefficients I", 5, 2 (3.5.4). At
the present stage, it is rather impossible to delimit the range of parameters,
which is adequate to describe real physical systems. For a given physical
system, the coefficients I 5,/%’2 may be changed in principle by changing
the imposed statistical equilibrium of the bath. It should be interesting to
look whether, besides the above-mentioned expected changes of the fine-
structure splittings, this dependence could be used to slow down the irre-
versible evolution and thus to increase the time domain for the coherent
evolution of type (i).

An important step in our approach was the exploitation of the iso-
morphism (2.6.19) and the resulting decomposition of the action of the
interaction operator H,, in the Hilbert space # = #, ® #, presented in
Sections 2.1, 2.6, and 3.3. This description of H,, will also be crucial for
future extensions, which may be necessary to get a satisfactory description
of specific physical systems. In the present work, we have focused our
attention on the electronic degrees of freedom. This was sufficient to
understand the general aspects of the fermionic evolution. However, other
degrees of freedom may come into play in real physical systems. For
example, to study the dynamic magnetic response of a molecule deposited
on a substrate, it will possibly be adequate to account for eventual struc-
tural changes as a function of the substrate temperature, and thus to
include the vibrational degrees of freedom.

Further generalizations of our approach may be envisaged. Thus one
may want to treat situations, where our assumptions concerning the
dynamical behavior of the electronic spins and the electronic orbitals are
not satisfied. In our present approach, we have assumed that the typical
time scales for the evolution of the spins and for the evolution of the orbi-

corr

tals are different, and that the bath correlation time 73™ is much smaller
than the typical evolution time of the spin properties 5. This restriction
was necessary to obtain a description of the spin evolution in terms of a set
of master equations. Obviously, short bath-correlation times 73" require a
sufficiently large effective dynamical coupling of the orbitals with the infi-
nite statistical environment. Depending on the physical situation, it is thus
quite possible that the above condition is not satisfied and that memory
effects have to be considered. The corresponding extension of the present
approach can be obtained following the lines discussed in refs. 14-23.
Finally, it should be noted that the master equations (3.5.29) may be
used in different manners. They offer a quantum statistically correct

description of the global evolution of the spin properties. Thus, without
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any further restrictions, the free parameters entering Eq. (3.5.29) may either
be taken as phenomenological parameters, to describe the experimentally
observed dynamical behavior of a given system, or they may be determined
from a microscopic description of the considered system.

APPENDIX A. PROOF OF THE RELATION (3.1.12)

We have to evaluate

d .
= F" Y 1:(s), jandme{l,., N}, (A.1)
* {ses

N |5(7) =n}

a

where A denotes the character of an irreducible representation of the group Sy .
From Eq. (A.1) we get immediately

A 2 .
Ayyum =4 Vjandn, VieSy, (A.2)
since
d d
2 A 2 -1 i
@ = 2.(8) = N Y 2.(t7st) = aj,
* {seSy|st(j) =tn)} P {seSy |t Lst()=n}

where we have also used the fact that y,(z 'st) = y,(s). Equation (A.2)
implies

a,=ay=---=ayy and aj=aj,, Vj#n. (A.3)

In addition, because of the orthogonality of the characters and since
xivy(s) =1, Vs, we get from Eq. (A.1)

N

A DIPAOEE (A4)
Insertion of Egs. (A.3) into Eq. (A.4) gives

ap +(N—1) a}, =6}y (A.5)

For 1 = [N] we obtain from Eq. (A.1) and from the dimensions (3.1.2)

1 ..
at™ = Vihi=L..N. (A.6)
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The characters y,(s) associated with the isotypic components of type A4 of
the group Sy are obtained from

dl -1 —-1_.-1
2(8) =55 YooY Y o@elsT'gg'ph), (A7)

* geSy pePrryy 9€0ra

where Prp;; (Qr;;) denotes the subgroup of horizontal (vertical) permuta-
tions, which is associated with a Young tableau T[A] corresponding to a
partition 4 of N.“ The symbol o(g) denotes the signature of the permuta-
tion g, and €,(g’) is defined as

Gl8)= 0 otherwise.

Using the expression (A.7), we obtain from Eq. (A.1)

A dl
“h =i
* {seSyls(1)=1}

d2
o Y Y a9 els'gqp)
( ) {seSyls(l)=1} geSy pePrryy q€Qra]
&
1
Z(N!)z Z Z Z a(q) 5gqu’l(1)

geSy pePryy; 9€0ra

2:(5)

Z W=D > Y o),

N')z PEPr q€Qri

i1 < 4 .
=N ) 5](‘)>< ) 0(4)51('))

N!N]'=1 Pe Py 7 q€ 0ra] !

For A# [N], the last factor in the previous expression is nonzero only if
A=[N—-1,1] and if j is included in the first column of T[A]. In this case
we get

Y el@=L

{g€ Orpa la(D =Jj}

If j is also included in the first row, we have

Y Gy =(V-2),

PEPr)
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and if it is included in the second row

Z p(]) =W-DL

PEPr)

Thus, with the dimensions d, obtained from Eq. (3.1.2), we get

d; 1 d; (N-1)? 1
A _ A - — — =1—=—
M=y (N=DI+(N=-2)) = (N 2) = yo (N=-2)=1 N
and finally from Egs. (A.6), (A.3), and (A.4)
1
& = S <5]~n _N> it 7£[N]. (A.8)

APPENDIX B. CLEBSCH-GORDAN SERIES FOR THE TENSOR
PRODUCT OF IRREDUCIBLE REPRESENTATIONS OF
Sy OF TYPES [N - 1, 11 AND [A,, A,]

Be a;,/ =1, 2,..., N the number of cycles of order / for a permutation
s € Sy. Obviously we have 0 <oy, < N, VI =1,..., N with

Z = (B.1)

Actually, a sequence {o,},/=1,..., N characterizes a class of conjugated
elements of Sy. Our first objective is to prove that the character y,(s) of
the irreducible representation of type A =[1,, 4,] with 4, +1, = N is given
by

1 (=2, (A+2)"dz
X/l(s) =2 . 72
Tl 'y z

(B.2)

s
z

where I, denotes a circular path of integration of radius smaller than 1
surrounding z=0 in the trigonometric positive sense. The proof of the
above relation based on the general expression (A.7) is technically rather
difficult. In the present context it is more convenient to start from the
properties mentioned at the beginning of Section 3.1. For our present pur-
poses let us recall that the subspace of #, = (C?) ", generated by the basis
vectors |M, S, i) for fixed S and M and i =1,..., d,, carries an irreducible
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representation of Sy of type [N/2+S, N/2—S]. Consequently, defining
the projectors

N/2 4,
Py=Y Y IMS,iXM,S,i, O0<M<N/2 (B.3)
S=M i=1
we can write
N/2 N/2—-M

Z X[IN/2+8,N/2— S](S)_ z Ao, /12](3) Tr(PyU,(s)) =gu(s), (B4

S=M

where U, denotes the unitary representation of Sy in the Hilbert space J#,,
which was defined in Eq. (3.1.6). Then, except for the trivial case ypy;(s)
=1, we have

A () =8y, () —gv_; 1 (8), 42 >0, (B.5)
with
gu(s) = Z {my,..., my| Uy(s) [my,..., my >
Am
= Z <m1,..., my |ms*1(1),..., ms—l(N)>
o,
N
= ; n 5,”: o = ; n ms(,) (B.6)
M i= =
and

N
Ay ={(m1,..., my)|m;=+1/2,Vjand ) m =M}. (B.7)

i=1

To evaluate g,,(s) for s taken in the class of conjugated elements charac-
terized by a sequence {o;,,/=1,..., N}, we first recall that for given M,
N /2— M indices m; have the values —1/2, the other N/2+ M indices have
the values + 1/2. The factor

H O

i=1
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is non-zero if and only if the group element s permutes only indices i of
m;’s possessing the same value. This implies that there exist integers
B, 1=1,..., N with 0 < §, < o, such that

Adopting the wusual convention 0!=1, the number of sequences
{m,,..., my} satisfying the above condition becomes

o,! |

N ﬂ] _ N
Hew=1 =

and thus we get

gu(s)= Y <H ch > (B.8)

Bu(s)

with

%’M(s)={(ﬁ1,...,/3,) 0<p <a,l=1,. Nanleﬂ,—E—M} (B.9)

Using the theorem of residues we can write

gu(s)= ) (B.10)

By (s) 27[1. Iy

1 IO (Chzydz 1 [ I, (1+2Y% dz
z

ZN2-M z  2miln ZNP2-M

Inserting this expression on the right-hand side of Eq. (B.5), we obtain
(B.2).
Now, to prove the properties (3.3.10), we have to evaluate

1

a/v:m ZS X/I’(S)*X[N—l,l](s) 2(5) (B.11)

with A=[4,,4,] and A’ =[4], 4}]. Clearly, we may assume N > 1. Then,
in the particular case A=[N], which corresponds to A, =0, and where

x:,(s) =1 for all s € Sy, we have

a, =011 Yied for A=[N], (B.12)
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which follows immediately from the orthogonality relation for the charac-
ters. Similarly, we get for 4, =0

apyy =01, Vied for A'=[N]. (B.13)
The results (B.11) and (B.12) prove the validity of the relation (3.3.10) for
A, =0 and/or 1, =0. Now we consider the case 1, >0 and A, >0. To
evaluate a, given by Eq. (B.11), we first note that the number of conju-
gated elements in the class characterized by the sequence {a;, /= 1,..., N}

satisfying the condition (B.1) is equal to

N!

;V: 1 lal(x]! ’
Moreover, from Eq. (B.2) we obtain immediately
)([N,Ll](s)=0£1—1, VSGSN. (B.14)

Thus, using the relation (B.2) we can rewrite the right-hand side of
Eq. (B.11), which becomes

1 N j@ gj du(1-2)(1-2) a1
Ty Ty

ay =—=
. 3 7 7 ~
(2751) &y ty =0 zZ ' Z u lez"lz u

Yol (42142 uh\
i 3 () w15

i< Loy!

Condition (B.1) is satisfied, since the term

L & LT gy

2ni U u ici

becomes zero if it is not satisfied, otherwise it is equal to 1. For the same
reason, we may extend the summations in Eq. (B.15) over a,..., ay up to
infinity. After Taylor expansion of the exponential and using

0y
o

L+ +2)uls

©
a; =0

!

=[(1+2)(1+2) u—1] exp[(1 +2)(1 +2') u]
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we then get

1 -[ dzJ~ dz du
a4y =—1 —| = =
YT @ri)ln z ln 2 dn u

(1=2)(1=2)[(A+2)(1+2) u—1] {N <(1+z’)(1+z") u’)}
X exp< Y. .
=1

/

7
ZAZZ/AZuN

(B.16)

The summation over / in the exponential can be extended to infinity, since
the extra terms / > N do not contribute to the residue of the integrand at
u = 0. With the identity

(22l { 1 }
1 I M =00 =)l —uz)(1—uzz')

1M 8

1

we get from Eq. (B.16)

o1 d_Zj dZ ¢ du (1=2)(1=2)[(1+2)(1+2)u—1]
Y@ n z g 2 Jn u 242 2N (1 —u)(1 —uz)(1 —uz')(1 —uzz')
(B.17)

The integral is easily evaluated using Cauchy’s theorem. The integrand is a
meromorphic function of u with asymptotic behavior O(u~"~*). Thus, the
sum over the residues at u=0, u=1, u=1/z, u=1/z', and u=1/(zz") is
equal to zero, and the residue at # = 0 can be determined from the residues
atu=1,u=1/z,u=1/z, and u=1/(zZ'). The latter have the values

z+z' +zZ'
- ; at u=1
le+12112+1(1_zzl)
N+1-2y ' '
z zz'+z2' +1
( - ) at u=1/z
(Z—Z’) Zrlz+1
ZrN+1—},'2 ZZ’+Z+1
( ) at u=1/z
(Z,—Z) le+1
N+l—2y I N+1-2) ’
z z z+z' +1
1 ,( ) at u=1/(zZ).
—zZz

The residues at u=1/z, u=1/z', and u=1/(zz') do not contribute to the
integral in Eq. (B.17), since they possess no first-order poles at z=0
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or/and z’' = 0. The only non-vanishing contribution is due to the residue at
u =1, which yields

1 J d2f dz' z+z' +zZ'
ay=—-| —| — ;
g Qni)?ln z ' 2 Pty hatl(] — 22"

1 ¢ dz/1 ,
z <—+Z+1>z’12’12, (B.18)

T Qri)n z \z

where we have again used Cauchy’s theorem to evaluate the integral over z'.
For 4, > 0 and 1, > 0 we obtain finally

1 if [A,—4,]<1

a; ={ 42 =4l (B.19)

0 otherwise.

This together with Egs. (B.12) and (B.13), proves the result (3.3.10) for the
multiplicities.
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